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O ' Abstract 

(N : 

^ . We introduce new Lagrangian cycles which encode local contributions of Lef- 

D I schetz numbers of constructible sheaves into geometric objects. We study their 

Q ■ functorial properties and apply them to Lefschetz fixed point formulas with higher- 

Ti^j- . dimensional fixed point sets. 

(N 

1 Introduction 

The aim of this paper is to study Lefschetz fixed point formulas for morphisms (f) : X — > X 
of real analytic manifolds X whose fixed point set M = {x E X \ (j){x) = x} G X 
is higher-dimensional (since we mainly consider the case where the fixed point set is a 
smooth submanifold of X, we use the symbol M to express it). Since the beginning of 
the theory, it is well-known that when X is compact the global Lefschetz number of 



O 



tr(0) := J2i-^)MH'{X; Cx) ^ H^{X; Cx)} E C (1.1) 



> 

o 

00 

^ . is expressed as the integral of a local cohomology class C{(j)) G H^^iX; orx) supported 

by M, where we set dimX = n and orx is the orientation sheaf of X. See e.g. Dold [1], 
[5] etc. for the detail of this subject. Let M = [J^^^ Mi be the decomposition of M into 
connected components and 



><: HUX;orx) = ^m,^{X;orx), (1.2) 

d ' iei 

C{<P) = ^Ci<P)M. (1.3) 

the associated direct sum decompositions. Then the integral of the local cohomology 
class C(0)A/i G H2f.{X; orx) associated with a fixed point component Mj is called the 
local contribution from Mj. In other words, the global Lefschetz number of (p is equal 
to the sum of local contributions from Mj's. But if the fixed point component Mj is 
higher- dimensional, it is in general very difficult to compute the local contribution by the 
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following dimensional reason. Let Mj be a fixed point component of whose codimension 
in X is c? > 0. Then the local cohomology group H^j,{X; orx) is isomorphic to the 0- 
dimensional Borel-Moore homology group H^~^{Mi;C) of Mj by the Alexander duality, 
and the class C(0) in it is very hard to deal with. Recall that top-dimensional Borel- 
Moore homology cycles in Mj, i.e. elements in H^2^{Mi]C), can be much more easily 
studied since they are realized as sections of a relative orientation sheaf on Mj. 

In this paper, we overcome this difficulty for smooth fixed point components Mj by 
introducing new Lagrangian cycles in the cotangent bundles T*Mi. Since we also want 
to study Lefschetz fixed point formulas over singular varieties (and those for intersec- 
tion cohomology groups), we consider the following very general setting. Let X, and 
M = Ujg/ Mi be as before, and F a bounded complex of sheaves of Cjsf-modules whose 
cohomology sheaves are M-constructible in the sense of [13]. Assume that we are given a 
morphism $: — > F in the derived category D^_^(X). If the support supp(F) of 
F is compact, we can define the global trace (Lefschetz number) tr(F, $) G C of the pair 
(F,$) by 

tr(F, $) := Y,i-^)MH\X; F) ^ W{X; F)} e C, (1.4) 

where the morphisms H^{X; F) H^{X; F) are induced by 

F R(f),(p-^F R<f),F. (1.5) 

Also in this very general setting, Kashiwara [T2] introduced local contributions c(F, $) Mi G 
C from the fixed point components M, and proved that 

tr(F,<|.) = 5^c(F,<|.)M,. (1.6) 

Therefore the next important problem in the Lefschetz fixed point formula for con- 
structible sheaves is to describe these local contributions c(F, $)Mi- 

Now let us take a smooth fixed point component Mj. For the sake of simplicity, we 
shall denote it also by M. Then there exists a natural morphism 

(P'-.TmX —^TmX (1.7) 

induced by 0, where TmX is the normal bundle of M in X. For each point x G M, we 
define a finite subset Ev^. of C by 

Ev^. := {the eignevalues of 0^: (T/y/X)^. — > (TmX)^} C C. (1.8) 

Assume the condition: 

1 ^ Ev^. for any x G supp(F) n M, (1.9) 

which means that the graph = {(0(x), x) | x G X} C X x X of intersects cleanly (see 
[T3l Definition 4.1.5]) with the diagonal set along M C F^nA^ on supp(F)nM. This 
condition naturally appears also in the study of Atiyah-Bott type (holomorphic) Lefschetz 
theorems by Toledo-Tong [20]. Under the condition fll.9p . in Section H] we shall construct 
a new Lagrangian cycle LC{F, in the cotangent bundle T*M. In this paper, we call 
this cycle LC{F,^)m the Lefschetz cycle associated with the pair (-F, $) and the fixed 
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point component M. Note that in the more general setting of elhptic pairs a similar 
construction of microlocal Lefschetz classes was already given in the pioneering work ^ 
by Guillermou. The difference from his construction is that we explicitly realize such 
microlocal characteristic classes as geometric objects in the cotangent bundle T*M. Note 
also that if = idx, M = X and $ = idi;', our Lefschetz cycle LC{F, coincides with 
the characteristic cycle CC{F) of F introduced by Kashiwara [TT]. For the applications of 
characteristic cycles to projective duahty, see [U], fT3], [16j etc. By Lefschetz cycles, we can 
generalize almost all nice properties of characteristic cycles into more general situations. 

First, in Section [5] we prove the following microlocal index theorem for the local con- 
tribution c{F, $)m from M (see Theorem 15. ip . 

Theorem 1.1 Assume that supp(-F) (1 M is compact. Then for any continuous section 
a: M — ^ T*M ofT*M, we have 

c{F,<^)m = nLC(F,$)M), (1.10) 

where tl([o"] r\LC{F, is the intersection number of the image of a and LC{F, in 

the cotangent bundle T*M. 

Next in Section [6l by using this microlocal index theorem, in many cases we give some 
useful formulas, similar to those for characteristic cycles, for the explicit description of 
our Lefschetz cycles. In the course of the proof of these results, we obtain in Section 
E] and [6] some localization theorems which partially generalize the previous results by 
Goresky-MacPherson |7], Kashiwara-Schapira [13j and Braden |3] etc. In particular, to 
prove the localization theorem in the case where the set Ev^; may vary depending on 
X G supp(F) n M, we required some precise arguments on Lefschetz cycles in Section 
in] (see also Remark 13.61) . As we shall see in Example 13.81 and 13.91 these localization 
theorems also have some applications to the explicit descriptions of Lefschetz numbers 
over singular varieties. Note that for normal complex algebraic surfaces a complete answer 
to this problem was already given by S. Saito [I9]. It would be also an interesting problem 
to compare these results with the recent development in complex dynamical systems such 
as Abate-Bracci-Tovena [T]. 

In Section [HI we study functorial properties of Lefschetz cycles and prove the direct 
and inverse image theorems for them which extend those for characteristic cycles obtained 
by Kashiwara-Schapira [13]. Since the sign of the determinant sgn(id — 0') = ±1 of the 
linear map 

id - (j)' : TmX ^TmX (1.11) 

naturally appears in the inverse image theorem, its proof is much more involved than that 
of the direct image theorem. To determine these very subtle signs of the determinant, the 
theory of currents with hyperfunction coefficients will be used. Finally, let us mention 
that our inverse image theorem has also an application to the explicit description of local 
contributions. Indeed, in Corollary 18.61 we prove the localizability of the global trace of 
{F, $) to the fixed point manifold M without assuming any technical condition such as 

Ev^ n M>i = for any X e M (1.12) 

on the map (p. It seems that if there exists a point x E M such that Ev^, fl M>i ^ 
the usual methods (see e.g. (ISj Section 9.6] and [7] etc.) for localizations do not work. 
Namely, our theory of Lefschetz cycles enables us to obtain the localization even when 
the map is expanding in some directions normal to M. 
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2 Preliminary notions and results 



In this paper, we essentially follow the terminology in [13]. For example, for a topologi- 
cal space X, we denote by D^(X) the derived category of bounded complexes of sheaves 
of Cx-modules on X. From now on, we shall review basic notions and known results 
concerning Lefschetz fixed point formulas. Since we focus our attention on Lefschetz 
fixed point formulas for constructible sheaves in this paper, we treat here only real an- 
alytic manifolds and morphisms. Now let X be a real analytic manifold. We denote by 
Dm_c(-^) the full subcategory of D^(X) consisting of bounded complexes of sheaves whose 
cohomology sheaves are M-constructible (see [T3l Chapter VIII] for the precise definition). 
Let (j): X — > X be an endomorphism of the real analytic manifold X. Then our initial 
datum is a pair (F, $) of F G D^_^(X) and a morphism $: (p'^F — > F in D^_^(X). If 
the support supp(-F) of F is compact, H^{X; F) is a finite-dimensional vector space over 
C for any j & 1^ and we can define the following important number from {F, $) . 



Definition 2.1 We set 



tr 



(F, $) := J2i-^yHH'{X; F) ^ W{X; F)} G C, (2.1) 



where the morphisms H^{X] F) H^{X; F) are induced by 

F — ^ R(f)^^'^F R(t)^F. (2.2) 
We call tr(F, $) the global trace of the pair (F, $). 



Now let us set 

M ■={xeX\ 0(x) = x}(lX. (2.3) 

This is the fixed point set of 0: X — > X in X. Since we mainly consider the case where 
the fixed point set is a smooth submanifold of X, we use the symbol M to express it. 
If a compact group G is acting on X and is the left action of an element of G, then 
the fixed point set is smooth by Palais's theorem [TH] (see [8J for an excellent survey of 
this subject). Now let us consider the diagonal embedding 5x '■ X ^ — > X x X of X and 
the closed embedding h := (0, idx) : X ' — > X x X associated with 0. Denote by Ax 
(resp. F^) the image of X by 6x (resp. h). Then M ^ Ax H F<^ and we obtain a chain of 
morphisms 

RHomc^{F,F) ^ ^(FKDF) (2.4) 
^ Rr,^^^(F)^^^{Kh-\FmDF))\^^ (2.5) 

~ i?Fsupp(F)nA;,(/i*(0"'F®DF))|A^ (2.6) 
^ R^suMF)c^^Ah.{F ®'DF))\^^ (2.7) 
^ -R-n3upp(F)nAx(^*^^)|Ax (2-8) 

^ ^^supp(F)nM(t^x), (2.9) 

where ux — orx [dimX] G D^_^(X) is the dualizing complex of X and DF = RHomcx (-^) ^x) 
is the Verdier dual of F. Hence we get a morphism 

HomD.(x)(i^, F) //supp{F)nM(^; ^x)- (2.10) 
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Definition 2.2 (|12|) We denote by C(F, $) the image of idp by the morphism fl2.10p 
in -f^supp(p')nM("^' ^^^^ characteristic class of (F, $). 

Theorem 2.3 ( |12] ) //supp(F) is compact, then the equality 

tr(F,<l>) = [ C(F,<I>) (2.11) 
Jx 

holds. Here 

! : H:{X-orx)^€ (2.12) 
is the morphism induced by the integral of differential {d\mX) -forms with compact support. 

Let M = Ujgj Mi be the decomposition of M into connected components and 

{X;uJx), (2.13) 

iei 

C(F,<|.) = 0C(F,<|.)m. (2.14) 
the associated direct sum decomposition. 

Definition 2.4 When supp(F) fl Mj is compact, we define a complex number c{F, $)m 
by 

c(F, $),,,:= / C(F,$)m, (2.15) 
and call it the local contribution of {F, $) from Mj. 

By Theorem 12.31 if supp(F) is compact, the global trace of {F, $) is the sum of local 
contributions: 

tr(F,<|.) = ^c(F,$)M.. (2.16) 

Hence one of the most important problems in the theory of Lefschetz fixed point formulas 
is to explicitly describe these local contributions. However the direct computation of local 
contributions is a very difficult task in general. Instead of local contributions, we usually 
consider first the following number tY{F\Mi,^\Mi) which is much more easily computed. 
Let Mi be a fixed point component such that supp(F) fl Mj is compact. 

Definition 2.5 We set 

tr(F|M„ $|AfJ := J2{-iytT{W{M,; F\mJ ^ H^{M,; F|mJ}, (2.17) 

where the morphisms H^{Mi] -F|mJ — ^ H^{Mi\ -F|a/-) are induced by the restriction 

$|m,: FUu ^ {r'F)U^FU (2.18) 

of $. 
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We can easily compute this new invariant tr(F|M., $|mJ G C as follows. Let M, = 
y^g^ Mi^a be a stratification of Mj by connected subanalytic manifolds Mj ^ such that 
H^{F)\Mia is a locally constant sheaf for any a & A and j G Z. Namely, we assume that 
the stratification Mj = LJaeA^*," is adapted to 

Definition 2.6 For each a G A, we set 

Ca := 5^(-l)^tr{/7^(F),, G C, (2.19) 

where X fy^ IS 9j reference point of Mj „. 

Then we have the following very useful result due to Goresky-MacPherson. 

Proposition 2.7 (^) In the situation as above, we have 

tr(F|M.,$|Mj = $^c„ ■ XciMi^a), (2.20) 

where Xc is the Euler-Poincare index with compact supports. 

In terms of the theory of topological integrals of constructible functions developed by 
Kashiwara-Schapira and Viro ^21j etc., we can restate this result in the following way. 
Since we need C-valued constructible functions, we slightly generalize the usual notion of 
Z-valued constructible functions. 

Definition 2.8 Let Z he a subanalytic set. Then we say that a C-valued function 
if : Z — y C is constructible if there exists a stratification Z = U^g^ Za of Z by sub- 
analytic manifolds Za such that (p\za is a constant function for any a E A. We denote by 
CF(Z)c the abelian group of C-valued constructible functions on Z. 

Let (p = J2aeA'^a ■ £ CF(Z)c be a C-valued constructible function with compact 
support on a subanalytic set Z, where Z = |JaeA is a stratification of Z and Cq G C. 
Then we can easily prove that the complex number J2a€A ■ Xc(-^a) does not depend on 
the expression ^ = Y.aeA^» ■ 'i-z^ of (f. 

Definition 2.9 For a C-valued constructible function if = J2aeA^a ■ lz„ ^ CF(Z)c with 
compact support as above, we set 

/ ^:=y2ca-Xc{Za)eC (2.21) 

aGA 

and call it the topological integral of ip. 

By this definition, the result of Proposition 12.71 can be rewritten as 

tr(F|M„$|AfJ= / ^(i^,$)Af„ (2.22) 
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where the C-valued constructible function ^p{F, ^)Mi ^ CF(Mj)c on Mj is defined by 

(^(F, $)m,(x) := Y.{-iyiv{W{F)^ ''M W{F)^} (2.23) 

for X e Mj. 

To end this section, let us explain how the C-valued constructible functions discussed 
above are related to the theory of Lagrangian cycles in [131 Chapter IX]. Now let Z he a 
real analytic manifold and denote by T*Z its cotangent bundle. Recall that Kashiwara- 
Schapira constructed the sheaf J^'z of closed conic subanalytic Lagrangian cycles on T*Z 
in [131 (i^ ^his paper, we consider Lagrangian cycles with coefficients in C). 

Proposition 2.10 ( [13] ) There exists a group isomorphism 

CC : CF(Z)c ^ r{T*Z; ^z) (2.24) 

hy "which the characteristic junction Ik of a closed submanifold K G Z of Z is sent to 
the conormal cycle [T^Z] in T*Z . 

We call CC the characteristic cycle map in this paper. 

3 Localization theorems and their apphcations 

Let X, : X — ^ X, M = Mi, F e D^_^(X) , $ : <p'^F — > F etc. be as in Section^ 
In this section, we fix a fixed point component Mj and always assume that supp(F) fl Mj 
is compact. 

Definition 3.1 We say that the global trace tr(F, $) is localizable to Mj if the equality 

c(F,$)m. = tr(F|M„$|Mj (3.1) 

holds. 



By Proposition 12.71 once the global trace is localizable to Mj, the local contribution 
c(F, $)Mi of (F, <l>) from Mj can be very easily computed. Since we always consider the 
same fixed point component Mj in this section, we denote Mj, c(F, $)Af. etc. simply by 
M, c(F, $)Af etc. respectively. From now on, we shall give a useful criterion for the 
localizability of the global trace to M . First let us consider the natural morphism 

0':Tm,.,X^Tm,.,X (3.2) 

induced by X — > X, where M^g denotes the set of regular points in M. Since Mreg 
is not always connected in the real analytic case, the rank of Tm.^^X may vary depending 
on the connected components of Mreg. 

Definition 3.2 For x G Mreg, we set 

Ev^ := {the eignevalues of 0^: (Tm^.^X)^. — > {Tm,,^X).^} C C. (3.3) 
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We also need the specialization functor 



Um^^^:B\X)-^B\Tm^^X) (3.4) 

along Mreg C X. In order to recall the construction of this functor, consider the standard 
commutative diagram: 

TM..Xc^3^^^nx (3.5) 




where XM.^g is the normal deformation of X along Mj-eg and t : Xm.^s — ^ 1^ is the defor- 
mation parameter. Recall that Qx is defined by t > in Xm.^^- Then the specialization 
z/Mrcg (F) of F along M^eg is defined by 

PM^JF) := s-'Rj,p-\F). (3.6) 

Note that I'M^^^i.F) is a conic object in D*(TA/,cgX) whose support is contained in the 
normal cone CM,<,g(supp(F)) to supp(F) along Mreg. Since F is M-constructible, VMr^g^F) 
is also M-constructible. By construction, there exists a natural morphism 

<f': {^r'^KU.AF) VM..^{F) (3.7) 

induced by $ : — > F. In the sequel, let us assume the conditions: 

(i) supp(F) n M is compact and contained in Mreg. 

(ii) 1 ^ Eva; for any x G supp(F) fl Mreg. 

The condition (ii) implies that the graph of in X x X intersects cleanly (see [13l Defi- 
nition 4.1.5]) with the diagonal set Ax ~ X in an open neighborhood of supp(F) flMreg. 
It follows also from the condition (ii) that for an open neighborhood U of supp(F) fl Mreg 
in Mreg the fixed point set of 0'|^-i((7): t^^{U) — > t^^{U) is contained in the zero- 
section Mreg oiTM^^X. Set U = t-\U), F = yM,^^{F)\^ and $ = 
F. Then also for the pair (F, $), we can define the characteristic class C(F, $) G 

Proposition 3.3 In the situation as above, the local contribution c{F,^)m from M is 

equal to lc{F,^). 
Ju 



Proof. The proof is similar to that of [T3l Proposition 9.6.11]. Since the construction of the 
characteristic class C{F, $)m G -f^s'upp(^)nM("^i i^ local around supp(F) fl M (see [T3l 
Remark 9.6.7]) and X\{M\U) is invariant by (p, we may replace X, M etc. by X\{M\U), 
U etc. respectively. Then the proof follows from the commutativity of the diagram f l3.14p 
below. Here we denote TmX simply by Q and the morphism h : TmX — > TmX x TmX 
is defined by h = (0', id). We also used the natural isomorphism Dz/m(-F) — I'MiX'F). 
Let us explain the construction of the morphism A in the diagram f l3.14p . Consider the 
commutative diagram: 
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□ 



-^(XxX)mxm^ 

5' 



31 



□ 



XxX 



Pi 



X 



X X 

□ &x 

P V 
» A, 



(3. 



where (X x X)mxm is the normal deformation of X x X along M x M and 

ti : (X X X)mxa/ — ^ K is the deformation parameter such that Qxxx is defined by ti > 

in (X X X)j\//xA/. Then the morphism A is constructed by the morphisms of functors 

^'x — ' ^xRPuPi'^ (3-9) 
~ RpJ-pi'^ (3.10) 

~ RpJ''RjuPi'^ (3.11) 
— > Rp^6' suSi^Rjupi"^ (3.12) 
~ Rp^sj'j,^^x^i^Rji*Pi^^- (3.13) 
The other horizontal arrows in the diagram (I3.14p are constructed similarly. 

Rllom{F, F) > Rllom{iyM{F), vm{F)) 



RFA^iX X X;FMBF)ARrAgig x g;iyMxMiF MBF)) ^ RFAgiG x g;iyM{F) MBi^MiF)) 



RFniQ] h-^VMxM{F m DF)) < — RFMiG; (k'-^^MiF) ® BuMiF)) 



RFMiX- c^-^F DF) ^ RFMiQ; vm{4>~^F ® DF)) i RrM{Q\ vm{4>"^F) ® J}vm{F)) 



RrM{X-F®T>F) 



RFuiX-ux)' 



-^RrM{g;vMiF(g,DF))^ 



RrM{Q]VM{F)®'DyM{F)) 



RFMiG; vm{(^x)) 



C. 



Theorem 3.4 In the situation as above, assume moreover that 



Ev, n 



for any x G supp(F) fl M C Mreg. Then the localization 

c(F,$)m = tr(F|M,$|M) 

holds. 



(3.14) 

□ 



(3.15) 
(3.16) 
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Proof. The proof is similar to that of [13, Proposition 9.6.12]. Since 

SUpp(F) n M C Mreg (3.17) 

is compact, there exists an open neighborhood U of supp(F) flM in Mj-eg such that fl3.15p 
holds for any x E U. 

As in the proof of Proposition 13.31 we may replace X, M etc. by X \ (M \U), U etc. 
respectively. By the homotopy invariance of local contributions Proposition 9.6.8]), 
replacing 0' by A0' for < A < 1 does not affect 

C{um{F), $0 G <pp(^)nM(7^MX; ujt,,x), (3.18) 

tr(z/M(F)|M, <I>'\m) = tr(F|M, $|m). (3.19) 

Since supp(F) fl M is compact, we may take sufficiently small < A ^ 1 so that the 
condition 

Ev^C {z eC\ \z\ < 1} for any X eU (3.20) 

is satisfied. Then just in the same way as in Step (a) of the proof of [131 Proposition 
9.6.12], we can prove 

/ C{uM{F),<t>') = tT{uM{F)\M,<^'\M) (3.21) 
JTmX 

= tr(F|M,$|M). (3.22) 

Since we have 

c(F,$)m= / C(z/M(i^),$') (3.23) 
JtmX 

by Proposition 13. 3^ this completes the proof. □ 
Similarly, in the complex case we have the following. 

Theorem 3.5 In the situation as above, assume moreover that X and 0: X — > X are 
complex analytic and F G D^(X) i.e. F is C-constructible. Assume also that M or 
supp(-F) n M C Mreg is smooth and compact (this condition will be removed in Section 
IE)- Then the localization 

c(F,$)m =tr(F|M,$|M) (3.24) 

holds. 

Proof. By our assumptions, the fixed point component M of is a complex analytic subset 
of X and Tm.^^X is a holomorphic vector bundle over Mreg. Let supp(F) fl M = UjeJ 
be the decomposition of supp(F) flM into connected components. Since the set Evj, C C 
of eigenvalues depends holomorphically on a; G M^eg, Ev^ is constant on each connected 
component Vj. Hence, by the C^-conicness of i^M^cgiF) G D'^(TM,^gX) and the homotopy 
invariance of local contributions, for each j & J we may replace 0' by A0' for |A — 1| ^ 1 
on an open neighborhood of r~^(l^) C Tm.^^X and assume that 

Ev^ C G C I 1^1 ^1, z^RjU {0} (3.25) 

for any x & Vj. 

Then with the help of Proposition 13.31 and the arguments in the proof of flSi Propo- 
sition 9.6.12], we may argue as in the proof of [IHl Proposition 9.6.12]and [I3l Corollary 
9.6.16]. □ 
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Remark 3.6 In Section [6l we will generalize Theorem 13.51 to the case where M nor 
supp(-F) n M is smooth. To treat this more general case where the set Ev^. may vary 
depending on a; G supp(F) fl M, we need some precise arguments on Lefschetz cycles 
which will be introduced in the next section. One naive idea to treat this case would 
be to cover supp(F) fl M by sufficiently small closed subsets Z-i C supp(F) fl M and 
use the local contributions of (^'Mreg(-^))T-iz, to compute that of vm^^^^F) by a Mayer- 
Vietoris type argument. However this very simple idea does not work, because we cannot 
apply [131 Proposition 9.6.2] to constructible sheaves with "non-compact" support such 
as (z^Mreg(-^))T-iZi to justify the Mayer- Vietoris type argument. 



Corollary 3.7 Let X he a complex manifold, 0: X — ^ X a holomorphic map and V C 
X a (p-invariant compact analytic subset. Assume that the fixed point set M = {x G 
X I = x} G X of (p satisfies the following conditions. 

(i) VnM C Mreg, 

(ii) 1 ^ Eva; for any x eV H M, 

(iii) M or V n M is smooth and compact (this condition will be removed in Sectionl^. 
Then we have 

Y,{-iyti{W{V; Cv) H^{V; Cy)} = x{V n M). (3.26) 



Proof. Set F = Cy G D^(X) and let $: — > F be the natural morphism 0"^Cy ^ 
— ^ Cy. Then we have 

Y,{-mr{H'{X-F) ^ W{X-F)] = 5^(-l)M^'(^;Cy) H^{V-Xv)]- 

(3.27) 

By Theorem 13.51 this number is equal to tr(F|M, '^*|a/) = / v{F, ^)m-, where 

(P{F,^)m'- M — > C is the C-valued constructible function on M defined as in (12.231) . 
Since 0|m is the identity map of M, ip{F, = '^vnM and the result follows. □ 



Example 3.8 Let Gn = S'I/„(C) and let Bn C (?„ be the Borel subgroup of Gn consisting 
of upper triangular matrices. Then the homogeneous space X = Gn/ Bn is a flag manifold. 
Take an element 

g = diag( Ai, ■ - , Ai^ , A2, • - , A2 , • • ■ , Xk, ■ y , h) (3.28) 

ni-times ?i2-times rife-times 

{n = ni + ■ ■ ■ + rik) in Bn such that A, 7^ Xj for any i 7^ j, where diag(- ■ ■ ) denotes a 
diagonal matrix. Let 0: X — > X be the left action Ig-. X X hj g E Bn C Gn- Then 
it is easy to see that the fixed point set M of </> is a smooth complex submanifold of X. 

More precisely, M is isomorphic to the disjoint union of — ; copies of the product 

ni! ■ ■■Ukl 

of flag manifolds 

GnjBn,X---xGnjBn,. (3.29) 
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Therefore the assumptions of Corollary 13. 71 are satisfied for any 0-invariant analytic subset 
of X, if 1 ^ Evj. for any x G M (we expect this is always true). Since g G -B„, as a 
0-invariant analytic subset V we can take any Schubert variety in X. 

Example 3.9 Let us consider a special case of Example 13.81 above. Let X = G^/B^ be 



the flag manifold consisting of full flags in and (j) = In: X 
element 

/a 
g= [o a \ eBsCGs 
\0 /3 



X the left action by the 



(3.30) 



where a ^ (3 are non-zero complex numbers. In this case, the fixed point set M C X of 

1)1 V 



is the disjoint union of 3 copies of CP^'s. Let X = Uo-gSs B^'^B^ = Uo-gSa "^'^ 
Bruhat decomposition of X = G^/B^. Here an element a of the symmetric group 63 is 
identified with the matrix {Si,a{j))i<i,j<3 ^ G3 (see e.g. [10] for the detail of this subject), 
where 6ij is Kronecker's delta. In this case, X(i 3) is the unique open dense Schubert cell 
in X. Set V = X\X(i 3) = Llo-7^{i 3) "^o-- Then is a 0-invariant analytic subset of X and 
we can check that the assumptions of Corollary 13.71 are satisfied. For example, let X_ be 
a unipotent subgroup of B3 defined by 



(3.31) 


















1 


:) 


a,b,c E c| 






c 







and consider the open embedding 

•^3 ^ 




(3.32) 



We denote the image of this open embedding by U and identify it with = {(a, b, c) G 
C^}. Then in f/ ~ the fixed point set M = CP^ U CP^ U CP^ of is given by 




M nU = {{a,b,c) e \ b = c = 0} 



(3.33) 



P P 



and 1 4 Eva; = <—, — /> for any x G M fl f/. The assumptions of Corollary 13.71 are thus 
{a a } 

verified. Moreover in f/ ~ C'^ the 0-invariant analytic subset = X \ X(i^3) is given by 

V nU = {{a,b,c) eC^ \ bib - ac) = 0}. (3.34) 



From this, we see that the fixed point component M (lU CP^ of M is totally embedded 
in the singular set of V. 



4 Definition of Lefschetz cycles 

In this section, we construct certain Lagrangian cycles which encode the local contribu- 
tions discussed in previous sections into topological objects. We inherit the notations 
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in Section [2] and [31 Now assume that the fixed point set M = {x G X | = x} of 
0: X — > X is a submanifold of X. However here we do not assume that M is connected. 
We also assume that Ax intersects with = {{(f){x),x) E X x X \ x & X} cleanly along 
M in X X X. Identifying with X by the second projection X x X — > X, we obtain a 
natural identification M = T^n Ax- We also identify Ta^(X x X) (resp. T^^{X x X)) 
with TX (resp. T*X) by the first projection T{X x X) TX xTX — > TX (resp. 
T*{X X X) ~ T*X X T*X — y T*X) as usual. Then, under the above assumptions, we 
see that the natural morphism 

TmT^ — . Ta,(X X X) ~ TX (4.1) 

induced by the inclusion map " — > X xX is injective. Hence the image of this morphism 
is a subbundle of MxxTX (whose rank may vary depending on the connected components 
of M). 

Definition 4.1 We denote by S the subbundle of M Xx TX constructed above. 

The following lemma will be obvious. 

Lemma 4.2 The subset T*^{X x X) n T^^(X x X) of {T^ n Ax) T^^iX x X) ~ 
M Xx T* X consists of covectors which are orthogonal to S a M Xx TX by the natural 
perfect pairing (M Xx TX) x^ (M Xx T*X) — > M. 

By this lemma, we see that T^^{X x X) n T^^(X x X) is a subbundle of M Xx T*X 
(whose rank may vary depending on the connected components of M). 

Definition 4.3 We denote the subbundle T^^{X x X) f] T^^(X x X) of M Xx T*X by 
JF and call it the Lefschetz bundle associated with 0: X — > X. 

The Lefschetz bundles satisfy the following nice property. 

Proposition 4.4 The natural surjective morphism p: M Xx T*X — » T*M induces an 
isomorphism T ^—>- T*M. 

Proof. Since the rank of the Lefschetz bundle JF is locally constant and equal to that of 
T*M, it suffices to show that the morphism 

p|^:J^ — >T*M (4.2) 

is injective. This follows immediately from the equality 

TM + £ = M XxTX (4.3) 

obtained by our hypothesis. □ 
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From now on, by Proposition 14.41 we shall identify the Lefschetz bundle T with T*M. 

Now let F be an object of D^_^(X) and $: — > F a morphism in D^_^(X). 
To these data {F, $) , we can associate a conic Lagrangian cycle in the Lefschetz bundle 
JF ~ T*M as follows. Denote by nx '■ T*X — > X the natural projection and recall that 
we have the functor 

/iA, : D''(X X X) ^ D^(T1^ {X x X)) (4.4) 
of microlocalization which satisfies 

R'n-x*fJ'Ax ^ Sx^RFax. (4.5) 

Recall also that the micro-support SS(-F) of F is a closed conic subanalytic Lagrangian 
subset of T*X and the support of i^a^ (FMBF) is contained in SS(F) C T*X ^ T^^ {X x 
X). Then we have a chain of natural morphisms: 

i?Homc^(F,F) - 



RF{X;6x{F^DF)) 


(4.6) 


i?rss(F)(T*X;/iA,(FKDF)) 


(4.7) 


RFssiF){T*X; f^AAh*h-\F M DF))) 


(4.8) 


RFssiF)iT*X; fiAA^^i^'F ® DF))) 


(4.9) 


RFssiF)iT*X; fiAA^iF ® DF))) 


(4.10) 


Rrss{F){T*X; HAxih^^x))- 


(4.11) 



Lemma 4.5 (i) The support of fiAx{h*^x) is contained in T . 

(ii) The restriction of fx Axih*^x) to c::^ T*M is isomorphic to -k^um, where 
ttm'- T*M — i> M is the natural projection. 

Proof, (i) By SS(/i,cJx) = T*^{X x X), we obtain 

s^^M^^Ax{Ki^x)) C T;^(X x X) n TIAX X X) = (4.12) 
(ii) Let iM '■ M " — > X be the inclusion map. Since we have 

RFAx{h*uJx) - Sx*iM*uJM, (4.13) 

l^Axi.^X*iM*^M) - T^x^iM*^^M, (4.14) 



we obtain a morphism 



■KAiM*i^M - fJ'Ax{RRAx{h*^x)) (4.15) 

— ^ /iAx(^*^x)- (4.16) 



It remains to show that the restriction of this morphism to JF c T*X is an isomorphism. 
Let p G J" C T*X ~ T^^(X x X) be a point. Then we have 

H'{l^Ax{h*uJx))p ^ limH'ziU; K^x) (4.17) 
u,z 

for any j G Z, where U (resp. Z) ranges through open (resp. closed) subsets of X x X 
such that the point vrx(p) G Ax is contained in U (resp. the normal cone CAx(^)7rx(p) ^ 
(TX)^^(p) is contained in {v G (TX)^^(p) | {v,p) > 0} U {0}). 
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Since Ax intersects with cleanly along M = Ax H F,^, for the closed subsets 
Z G X X X above we have 

Z n snpp{KuJx) = Z nT^ = M = Ax n supp{KuJx) (4.18) 

in an open neighborhood of T^xip) G ~ M C A^ — X. Namely, for sufficiently small 
U we have an isomorphism 

Rrz{U;RrA^iKuJx)) ^ Rrz{U;KiUx). (4.19) 
This implies that the morphism 

flAx (^^Ax (^*^x))p ' fJ'Ax {h*(^x)p (4.20) 

is an isomorphism. □ 

Remark 4.6 By taking the Fourier-Sato transform of Proposition 17.11 below, we can 
obtain a more functorial proof of Lemma 14.51 However here we gave another proof in 
order to look at the structure of fiAx{h*i^x) more directly. 

By Lemma [4.51 there exists an isomorphism 

fJ^Axih^uJx) ^ {iy^)*Tr^}-ujM, (4.21) 

where iy^: J-' ' — > T*X is the inclusion map. In what follows, we sometimes omit the 
symbol (^J^)* in the above identification 04.211) . Combining the chain of morphisms f l4.6p - 
f l4.1ip with the isomorphism fl4.2ip . we obtain a morphism 

HomD.(x)(i^, F) i/s°s{F)n^(-^; ^m^m). (4.22) 

Definition 4.7 We denote by LC{F, $) the image of id^? G Homi56(j^)(F, F) in 
-^ss(F)nj^(-^! t^m^m) by the morphism ( 14.221) . 

Lemma 4.8 SS(-F) fl JF zs contained in a closed conic suhanalytic Lagrangian subset of 
jr ~ T*M. Here we regard J-" as a symplectic manifold by using the standard symplectic 
structure ofT*M. 

Proof Recall that C M Xx T*M is identified with T*M by the morphism p: M Xx 
T*X — » T*M. Now let X = \J^^^ X„ be a /i-stratification (see O Chapter VIII] for 
the definition) adapted to F G D^_^(X) and the closed subset M C X. Then there exists 
a subset B C A such that M = LI/3eB"^/5 SS(F) C UaGA^x^,^- Since J-' is contained 
in M Xx T*X, we have 

SS(F) n C ( y T^^X 1 n J^. (4.23) 

But for any strata X^ contained in M (<^=^ f3 E B) the isomorphism 

p\^:J^^T*M (4.24) 
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induces an isomorphism 



T*x^X nT ^ T*^^M. (4.25) 



Hence, via the identification T T*M, we obtain the inclusion 



SS(F) n C y T^^M. (4.26) 

/3G-B 

□ 

Definition 4.9 Choose a closed conic subanalytic Lagrangian subset A of JF ~ T*M 
such that SS(F) fl c A. We consider LC{F, $) as an element of H^{T] tt^^jCUm) and 
call it the Lefschetz cycle associated with the pair {F, $). 

As a basic property of Lefschetz cycles, we have the following homotopy invariance. 
Let / = [0, 1] and let 0: X x / — > X be the restriction of a morphism of real analytic 
manifolds X x M — > X. For t G /, let : X " — > X x / be the injection defined by 
X I — > {x,t) and set (pt '■= (p o it'- X — > X. Assume that the fixed point set of (pt 
in X is smooth and does not depend on t G /. We denote this fixed point set by M. 
Let F G D^_^(X) and consider a morphism $: (p^^F — > p~^F in D^_^(X x /), where 
p: X X I — > X is the projection. We set 

$t :=$Ux{t}: (4.27) 

for t & L We denote the Lefschetz bundle associated with (pt by J-'t — T*M. 

Proposition 4.10 Assume that supp(-F) (1 M is compact and J-'t does not depend on 
t E L Then the Lefschetz cycle LC{F,^t) £ -^ss(F)nT*M(-^*^' "^m) ^^^■^ '^^^ depend 
ontEF 

Proof. The proof proceeds completely in the same way as that of [13], Proposition 9.6.8]. 
Hence we omit the detail. □ 

5 Microlocal index formula for local contributions 

In this section, using the Lefschetz cycle LC(F, $) introduced in Section HJ we prove an 
index theorem which expresses local contributions of (F, $) as intersection numbers of the 
images of continuous sections of ~ T*M and LC{F, $). Here we do not assume that 
the fixed point set M of : X — > X is smooth. However we assume the condition: 

1 ^ Ev^. for any x G M^^g- (5.1) 

Also in this more general setting, we can define the Lefschetz bundle ~ T*Mi.eg over 
Mreg and construct the Lefschetz cycle LC {F, $) in JF by using the methods in Section HI 
Let M = y.gj Mi be the decomposition of M into connected components. Denote (Mj)i.eg 
simply by X, and set jFj := Xj x^/^^^ JF. Then we get a decomposition JF = IJ^g^JFj ~ 
LJ-gj T*Ni of J-'. By the direct sum decomposition 

His(F)nA^'^ ^M^g^A/^eg) - ® ^ss(F)n.F. i^ii '^nI^nJ, (5.2) 
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we obtain a decomposition 



LC(F,<|.) = ^LC(F,$) 



(5.3) 



of LC(F, $), where LC{F,^)m^ G i/gg^-^-jpijc.. (JFj; tt^VtvJ- Now let us fix a fixed point 
component Mi and assume that supp(F) fl Mi is compact and contained in Ni = (Mj)reg. 
We shall show how the local contribution c{F, $) G C of {F, $) from Mi can be expressed 
by LC{F, $)a/,. In order to state our results, for the sake of simplicity, we denote Ni = 
(Mi),eg, J'i, LCiF, $)m„ c(F, $)m, simply by M, J^, LC(F, $), c(F, $) respectively. Recall 
that to any continuous section a: M — > T ~ T*M of the vector bundle JF, we can 
associate a cycle [a] G if°(jy^-)(T*M; 7r)^^(CM)) which is the image of 1 e H^{M;Cm) by 
the isomorphism H^^j^^^iT* M^-KmCm) ^ if°(M; (ttm o (T)'CAf) ^ H^{M;Cm) (see [I3l 
Definition 9.3.5]). If a{M) fl supp(LC(F, $)) is compact, we can define the intersection 
number ]\{[a] n LC{F, $)) of [a] and LC{F, $) to be the image of [a] ® LC{F, $) by the 
chain of morphisms 



-"cr(Af)nsupp(LC(F,$)) 
C. 



(^;cu^)(5.4) 
(5.5) 



Theorem 5.1 Assume that supp(F) (1 M is compact. Then for any continuous section 
a: M — > J" ^ T*M ofj^, we have 



c(F,$) = tl([a]nLC(F,$)). 



(5.6) 



Proof. Our proof is very similar to that of Kashiwara's microlocal index theorem (see 
Proposition 9.5.1]). Set 5* = supp(F). Then the result follows from the commutative 
diagram (15. 7p below. By the commutativity of this diagram, the characteristic class 
C(F, $) G H'^^j^^{M;ujm) and the Lefschetz cycle LC{F,^) G H^^^p^^j,{J^;Tr^^ujM) are 
sent to the same element in H^_i {J^^h^ujm) by the above morphisms A and B. 
Hence the proof proceeds just as in the way as that of [131 Proposition 9.5.1]. 



■ RFsnMiM^iOM) 



KHom{F, F) 

i 

RF^xn(SxS) iXxX;Fm DF) RF^^n{SxS) (X x X; Kcox) — 

I I A 

RF^-^^iT*X; (F K DF)) ^ i?r -i^(r*X; /.a, {Kcox)) — RF^-^ 

I B 

i?rss(F) (r*X; ^A;, (i^ K DF)) ^ i?rss(i.) (r*X; /.A^ (/i,u;x)) — i?rss(,.)n^(^; 7r^^u;M). 



(5.7) 

□ 



As an application of Theorem 15. H we shall give a useful formula which enables us to 
describe the Lefschetz cycle LC{F, $) explicitly in the special case where 0: X — > X is 
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the identity map of X and M = X. For this purpose, until the end of this section, we 
shall consider the situation where = idx, M = X and $ : F — > F is an endomorphism 
of F G D^_^(X). In this case, LC{F,^) is a Lagrangian cycle in T*X. Now for real 
analytic function : Y — > / on a real analytic manifold Y (/ is an open interval in M) 
we define a section a^: Y — > T*Y of T*Y by (r^{y) := (y; dipiy)) {y G Y) and set 

K^:=a^{Y) = {{y-d^{y))\yeY}. (5.8) 

Note that K^p is a Lagrangian submanifold of T*Y Then we have the following analogue 
of [131 Theorem 9.5.3]. 

Theorem 5.2 Lei Y he a real analytic manifold, G an object o/D^_^(y) and \l/ : G — > G 
an endomorphism ofG. For a real analytic function ip: Y — » /, assume that the following 
conditions are satisfied. 

(i) supp(G') n G F I (p{y) <t} is compact for any t E F 

(ii) SS(G') n A<^ is compact. 
Then the global trace 

tr(G, M/) = Y.{-iytT{W{Y- G) ^ WiY- G)} (5.9) 
of {G, ^) is equal to ^{[a^] n LG{G, ^)). 

Proof. Since the fixed point set of = idy is Y itself, LC{G, \&) is a Lagrangian cycle in 
T*Y. Moreover, since any open subset of Y is invariant by = idy, we can freely use the 
microlocal Morse lemma ([llT, Corollary 5.4.19]) to reduce the computation of the global 
trace tr(G, \l/) on Y to that of 

J2i-'^ytT{H\nt; G) ^ H\nt; G)} (5.10) 

for sufficiently large t > in J, where we set Qt '■= {u ^ Y \ (p{y) < t}. Then the proof 
proceeds essentially in the same way as that of [131 Theorem 9.5.3]. □ 

Theorem 5.3 Let X, F G D^_^(X) and $: F — > F be as above. For a real analytic 
function (f: X — > R and a point xq G X , assume the condition 

A^nSS(F) c {(xo;c/</^(xo))}. (5.11) 

Then the intersection number tl([o"<^] H LG{F,^)) (at the point {xo',d!f{xo)) G T*X) is 
equal to 
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Proof. The proof is very similar to that of [131 Theorem 9.5.6]. For a sufficiently small open 
ball B{xo, e) = {x E X \ \x — Xo\ < e} centered at Xq, set Fq = RrB(xo,e){F) G D^_^(X). 
Then $ induces a natural morphism $o- -^o — ^ -^o in Dk_c(^)- Moreover by the proof 
of [iHl Theorem 9.5.6], we have 

n SS(Fo) C U {(xo; rf^(xo))} (5.13) 

for sufficiently small t > 0, where we set := {x G X | ip{x)—(f{xo) < k} for G M. Then 
applying Theorem 15.21 to the case where / = (— oo,0), Y = Qq, G = -Fobo ^ D^_^(F) 
and \E' = $o|no : C — ^ we obtain 

tl(K]nLC(Fo,$o)n7r^i((]o)) 

= ^(-l)M^'(^(a;o,^)^^]o;i^) ^^^'■(5(xo,£)^^]o;i^)}. (5.14) 

On the other hand, since supp(Fo) is compact in X, by Theorem 15.11 we have 

tl(K] nLC(Fo,<l>o)) = J2i-^)MH'iB{xo,ey,F) ^ /7^(i?(xo, e); F)}. (5.15) 

Comparing (15.141) with (15.151) in view of fl5.13p . we see that the intersection number of 
[a^] and LC{Fq, $o) at {xq; d{p{xo)) is equal to 

Y.(-mr{Hl>,M^{FU Hl>,M}iFU}- (5.16) 

Since LC{F, $) = LC(Fo, $o) in an open neighborhood of (xq; (iv9(xo)) in T*X, this last 
intersection number tl(K] n LC(Fo,<l>o)) (=(I57I6])) is equal to jjQcr^] n LC(F, $)). This 
completes the proof. □ 

By Theorem l5.3l we can explicitly describe the Lefschetz cycle LC{F, $) G r{T*X; J^x) 
as follows. Let X = U^.^^ Xa be a /i-stratification of X such that 

supp(LC(F, $)) C SS(F) C □ T^^X. (5.17) 

Then A := Ll^.^^ "^Xa-^ i^ ^ closed conic subanalytic Lagrangian subset of T*X. Moreover 
there exists an open dense smooth subanalytic subset Aq of A whose decomposition Aq = 
LJ -gj Aj into connected components satisfies the condition 

"For any i G /, there exists G A such that Aj C Tt X. " (5.18) 
Definition 5.4 For i G / and G A as above, we define a complex number mj G C by 

where the point x G 7rx(Aj) C Xq- and the M- valued real analytic function ^p: X — > R 
(defined in an open neighborhood of x in X) are defined as follows. Take a point p G Aj 
and set x = tix {p) ^ Xq,- . Then (p : X — ^ R is a real analytic function which satisfies the 
following conditions: 
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(i) p = (x; dip{x)) G Aj. 

(ii) The Hessian B.ess{ip\xo,J of ^p\xc^ is positive definite. 

Corollary 5.5 In the situation as above, for any i & I there exists an open neighborhood 
Ui of Ai in T*X such that 

LC(F,<l>)=m,-[T£X] (5.20) 

in Ui. 



Now let us define a C-valued constructible function (p{F, $) on X by 

ip{F,^)ix) := J2(-^)MH'iF), H^iF).} (5-21) 

for X G X. We will show that the characteristic cycle CC{(f{F,^)) of (f{F,^) (see 
Proposition 12. lOp is equal to the Lefschetz cycle LC{F, For this purpose, we need the 
following. 



Definition 5.6 ( |16] ) Let ip: X — > Z he a Z-valued constructible function on X and 
U a relatively compact subanalytic open subset in X. We define the topological integral 

(f of if over U by 

/ ^ = Tc^-xiRnU;CxJ), (5.22) 

where (p = ^a&A^ct^^a (cq G Z) is an expression of ip with respect to a subanalytic 
stratification X = LlaeA"^" '^^ 

We can extend C-linearly this integral / : CF(X) — > Z and obtain a C-linear map 

Ju 

: CF(X)c — > C. (5.23) 

u 

On the other hand, since any relatively compact subanalytic open subset f/ of X is 
invariant by = idx, the global trace on U 

tiiFlu, ^\u) = ^(-l)nr{i7^(t/; F) ^ W{U- F)} (5.24) 

is well-defined. 

Lemma 5.7 For any relatively compact subanalytic open subset U of X, we have 

ii{F\u.^u) = [ <^(i^,$). (5.25) 
Ju 



The proof of this lemma being completely similar to that of [TJ Proposition 11.6], we 
omit the proof. 
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Theorem 5.8 In the situation = idx, F — ^ F etc. as above, we have the equality 

LC{F, $) = CC{^{F, $)) (5.26) 

as Lagrangian cycles in T*X . 

Proof. Let X = |JagA -^a be a /i-stratification of X such that 

supp(LC(F, $)), supp(CC(¥.(F, $))) C A = □ T£X (5.27) 

Take an open dense smooth subanalytic subset Aq of A whose decomposition A = Ujgj Aj 
into connected components satisfies the condition fl5.18p . Let us fix Aj and Xq,- such that 
Aj C X. It is enough to show that LC{F, $) and CC{(f{F, $)) coincide in an open 
neighborhood of Aj in T*X. By Corollary 15. 5[ in an open neighborhood Ui of Aj in T*X 
we have 

LC{F,^)=m,-[T*x^X], (5.28) 

where m-j G C is defined by (15.191) for p G Aj, x = 7ix{p) ^ -^a^, V': ^ — ^ as in 
Definition 15. 4[ Let U he a sufficiently small open ball in X centered at x G Xq, - . Set 
V := U n {(f < (f{x)}. Then we have 



E(-l)'t^{^{.>.(xO}(f^' F) ^ J (^; F)} (5.29) 

tr(F|[;,$|c7)-tr(F|v,$|v') (5.30) 



¥.(F,$)- / y.(F,$). (5.31) 
u Jv 

This last number coincides with the coefficient of [TJ X]\ij- in CC((y9(F, $))|[/.. This 

completes the proof. □ 



6 Explicit description of Lefschetz cycles 

In this section, we explicitly describe the Lefschetz cycle LC{F, $) introduced in Section 
m in many cases. Let M be a possibly singular fixed point component oi (p: X — > X. 
Throughout this section, we assume the condition 

"1 ^ Ev^ for any x G supp(F) n M^eg." (6.1) 

Then there exists an open neighborhood U of supp(F) fl M^g in Mj-eg such that F,^ 
intersects with Ax cleanly along U C M C n Ax- Namely, there exists a Lefschetz 
bundle J^ = U Xm {T^^iX x X) n T^^ (X x X)} over U which is isomorphic to T*U. As 
in the same way as in Section HI we can define a Lagrangian cycle in associated with 
{F, $). We still denote it by LC{F, $) and want to describe it explicitly. Replacing X, M 
etc. by X \ (M \U), U etc. respectively, we may assume that M is smooth and 1 ^ Ev^ 
for any a; G M from the first. In this situation, the fixed point set of 0': TmX — > TmX 
is the zero-section M. Let T^' = {{4>'{p),p) \ p G TmX} C TmX x TmX be the graph of 
(f)' and Atj^x — TmX the diagonal subset of TmX x TmX. Then 

r := T; {TmX x TmX) n T^^ ^ (TmX x TmX) (6.2) 
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is a vector bundle over the zero-section M ~ F^/ fl ^TmX of TmX. Since is also 
isomorphic to T*M by our assumptions, we shall identify it with the original Lefschetz 
bundle = {X x X) fl (X x X). Now consider the natural morphism 



(6.3) 



induced by $: — > F. Then from the pair (z/m(-^), can construct the 

Lefschetz cycle LC{vm{F), $') in ^ ~ J^. 



Proposition 6.1 In J-' T' , we have 

LC{F,^) = LC{um{F),^'). 



(6.4) 



Proof. The proof is similar to those of [13^ Proposition 9.6.11] and Proposition l3.3[ Indeed, 
the proof follows from the commutativity of Diagram 6. a, which is a microlocal version 
of Diagram fITID . Here we denote TmX, SS(F) and Crx,x(SS(F)) by ^, S and S' 
respectively. Note that we have natural isomorphisms 



T\TmX) ^ T*{Tl,X) ^ Tt*x{T*X) 



(6.5) 



(see [13], (6.2.3)] and f l6.19p below) and the normal cone 5" = Ct*^x(SS(F)) can be 
considered as a subset of T*{TmX) = T*Q. We also used a conic isotropic subset S" = 
{SnJ^)U {S'n r) of ~ J^' ~ T*M and the morphism h: TmX — > TmX x TmX 
is defined hy h = {(p'/idTMx)- Moreover we used the natural isomorphism Dz/m(-F) — 
z/m(DF) to obtain Diagram 6. a. Let us explain the construction of the morphism A in 
Diagram 6. a. First consider the commutative diagram: 



Tm^m{x X xy 



TmX^ 



>(XxX)mxm 

□ 5' 

'Xm^ 



n 



pi 



XxX 



□ 



s 



□ 

p 



X 



^X X X 

Sx 

— »X 



(6.6) 



which already appeared in the proof of Proposition 13.31 Denote the image of 6' (resp. 6) 
by (resp. ^Ux)- Then we see that the following morphisms are isomorphisms. 



Aqx T^JX X X) ^ T^^^^x.x 

A~ ((^ X X)mxm) - 



An^ T 



Tl,.^xxx, 



(6.7) 
(6.8) 



: At,,x xa~ ((X X X)mxm) ^ T^^ ^{Tmxm{X x X)). (6.9) 
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i?Hom(F, F) 



Rrs{T*X;piAAF M DF)) ^ RFs'iT^Q; f,Ag{i^MxM{F M DF))) i Rrs'{T*g; fx^giMF) ^ ^MF))) 



Rrs\T*g-ii^AKh-^PM>,M{Fm'DF)))< Rrs\T*g-ii^AK{ct>'-^PM{F)®'DPM{F)))) 



Rrs{T*X; fiAAh*i<l>~'F ® DF)) ^ RFs^iT^Q; A^iKiyu F (g) DF))) < RFg^iT^g- iiA,{K{vM{(t)-^F) ® Dz/m(F)))) 



Rrs{T*X; fXAAh*{F DF))) > Rrs>{T*g- fiAgiKMF ® DF)) < Rrs>{T*g- fiA^ih^MF) ^MF)))) 



Rrs{T*X;fXAAh*uJx)) 



RFs"{J^; HfJ-utM) 



■Rrs'{T*g;fXAg{Ki^M{uJx))) 



■Rrs'{T*g;f,A^{Ku;g)) 



RFs'^T-.tijJujm) 



RFs" (^; HjJujm)- 



Now let us set 

^1 := %'{An,x^^S), (6.10) 



^2 := (6.11) 

^3 := 52nTl^^^^(TMxM(XxX)). (6.12) 

Then we have the following morphisms 

i?rss(F)(Tl^(X X X); /XA,(F K DF)) 

— . RrssiF)iTljX X X)■,^I^JRp^,p^-\FMI)F))) (6.13) 

RrsATl,^^x.x;fiAnJPi-\FMI)F))) (6.14) 

^ Rrs,{n^{{x^3r)'MxMy,fiA^{Rji*Pi'\FmDF))) (6.15) 

^ RFs^iTl^iiX ^^M>cMy,^^A~{sus^'RJuPl-\FMDF))) (6.16) 

^ Rrs,{Tl^^^^{TMxMiX X X));/iA,^^,(sr^i?jupr^(FKDF))) (6.17) 

= Rrs,iT*g; fiA^ixMiiF M DF)))), (6.18) 



where we used [lEl Theorem 4.3.2 and Proposition 3.3.9] (see also the arguments in 
page 192-193]) to prove that the morphism fl6.15p is an isomorphism. Let us show that 5*3 
is equal to S'. Let (x', x") be a local coordinate system of X such that M = {x' = 0} and 
{x',x";C,',C,") the associated coordinates of T*X. Then by the Hamiltonian isomorphism 
etc., we can naturally identify T*(TmX) ~ Tt ^(Tmxm(X x X)) with Tt- xiT*X) as 
follows (see ^ (6.2.3)]). 



T*(TmX) ~ T*(T;,X) ~ Tt*^x{T*X). 

lu UJ UJ (6.19) 

ix',x";C,n — i^',x";-x',n " (a^', a:"; e', H 

Under this identification, we can prove that S3 C T*(TmX) ~ TAy^^^(TAfxAf (-^ x X)) is 
equal to the normal cone S' = Ct*^x(SS(F)) C Tt*jx(T*X) as follows. In the associated 

local coordinates {x',x",t;^\C) it > 0) of A^^ Xa~- T^^ ((X x X)mxm) (- 

Ta (X X X) ~ i7x xx T*X), its subset ^^^'(Anjf xa^^ 5") is expressed by 



{{x',x",t;C,n e Xa^~ T^^. ((X x X)mxm) I (tx', a;"; r V, D e SS(F)}. (6.20) 
Hence we have 

{x',x";e,n e S3 = T1^^^^(Tmxm(X X X)) 

^ 3(x:„x::,t„;e;,c) e a^,, xa^^ t: ax ^m.m) 

(I If J. . Cff\ ^ (I (\- cf c'f\ 
g ^ J V"^n' -^n' ^n' ^n/ ^ ) ^ ; U, ^ , ^ j, 

{tnX^, Xj^^t^ ^ni^n) ^ SS(-F) 

3(x:„x'^,t„;e:,C') ^ A^,^ Xa^^ T^^^ ((X ^m^m 



ix' x" t ■ £' £") "-^ ix' x" 0- £' £") 
s t i l-^ ? 5 s 5 s J) 

(in3;„, t„i^„) G SS(-F) 
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3{{Xn',Xn";^n ),C„) G SS(F) X 



^>0 



I {Xn , Xn 1 ) ) ^ (0, X , , 0), , , 

S.t. < ~// ^ (0.23) 

I (Cn^^n ) Cn^n ) ^ ('C ; ) 

^ (a:', x"; n ^S' = Ct*,x(SS(F)) C %^xT*X (6.24) 

We thus obtained the morphism A: 

Rrs{T*X; fiA^F ^ DF)) Rrs'{T*g- ^ia,{um^m{F M DF))). (6.25) 

We can construct also the morphism B in Diagram 6. a as follows. 

Rrs{T*X- fiAAh*{r'F ® DF))) 

Rrs'iT*g;fiA,iiyMxMih,i(l)~'F^DF)))) (6.26) 

Rrs>(T*g;iiA,(h,PM{<p-^F ®DF))), (6.27) 

where the first morphism is constructed in the same way as A and we used p!H| Proposition 
4.2.4] to construct the second morphism. This completes the proof. □ 



Since we have 

0|Af = 0'|m = idM, (6.28) 
$|M = $'Uf: FlM^i^U (6.29) 

(M is identified with the zero-section of TmX), the Lefschetz cycle LC(z/M(-^)|Af, ^'U/) 
in T*M is the same as LC{F\m,^\m)- In what follows, we shall identify ~ JF' with 
T*M and compare LC(F, $) = LC(z/m(F), $') with LC{F\m, ^\m)- 

Since our result holds for any conic object on any vector bundle over M, let us consider 
the following general setting. Let vr: g — » M be a real vector bundle over M and 
ip : g — > g an endomorphism of the vector bundle g. Assume that the fixed point set of 
ip is the zero-section M oi g. For each point x G M we define a finite subset Ev^. of C by 

Ev^. = { the eigenvalues of xl^x '■ — ^ C C (6.30) 

as in the case of g = TmX and ip = (p' : TmX — > TmX (see Definition 13. 2p . Then 
the above assumption on the fixed point set of ip implies that 1 ^ Ev^ for any x G M. 
Suppose that we are given a conic M-constructible object G G D^_^(^) on g and a 
morphism ip^^G — ^ G in D^_^(^). From these data, we can construct the Lefschetz 
bundle JFq ~ T*M associated with %p and the Lefschetz cycle LG{G, \E') in it. 

Proposition 6.2 Let xq E M he a point of M such that 

Ev^o n M>i = 0. (6.31) 

Then we have 

LC{G,^) = LG{G\mMm) (6.32) 
in an open neighborhood of tx^I^Xq) in jFg ^ T*M. 
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Proof. Take an open neighborhood W of Xq in M such that Evj, nM>i = for any x G W. 
Then there exists a closed ball 



Z := B{xo,eo) = {x e M \ \x - Xo\ <eo} {eq > 0) (6.33) 
in W centered at Xq. Consider the conic object G,r-i(z) ^ Dk_c(^) the morphism 

^TT-HZ) : ^~\G^-i(^z)) G^-^z) (6.34) 

induced by \1'. Since the construction of LC(G', ^) and LC^GImj'^Im) is local and 
Xq G IntZ, we may replace (G, \I/) by {G^-i(^z),'^n-^{z))- By the homotopy invariance 
of LC(G, \I^) (see Proposition 14.101) . replacing by A^/) for < A < 1 does not af- 
fect LC(G, \E') nor LC{G\m,'^\m)- Hence by replacing ip by Xip for sufficiently small 
< A ^ 1, we may assume also that 

Ev^. C G C I 1^1 < 1} (6.35) 

for any x G 7r(supp((j>')). Then there exists an open tubular neighborhood D of the 
zero-section M in Q such that iIj~^{D) D D, and we can construct a morphism 

i?rD(^) : ^-^RroiG) — > RroiG) (6.36) 

induced by tp-^G — > G. Since LG{RrD{G), RFDi^)) = LG{G,^), we may replace 
the pair (G, \I^) by (RFd^G), -R/£i(\I/)) and assume that supp(G) is compact. Let us take 
a //-stratification Q = Uqea ^ which satisfies the following three conditions. 

(i) There exists a subset B C A such that the zero-section M C ^ of ^ is U/jes^/^- 

(ii) SS{G)cUaeATLS^^T*g. 

(iii) SS(G|m) C Up^BTg.M in T*M. 

For j3 E B, we shall denote c M by M^. Namely M = |J/3gb ^3 ^ //-stratification 
of M. Set A = U^g^T^^M C T*M. By the conditions above, we obtain 

supp(LC(G, *)), supp(LC(G|m,^|m)) C A. (6.37) 

Therefore it suffices to show that LC(G, \E') coincides with LC(G|a/, ^^Ia/) on an open 
dense subset of A. Let Aq be an open dense smooth subanalytic subset of A whose 
decomposition Aq = Aj into connected components satisfies the condition 

"For any i G /, there exists A e 5 such that A^ C T;. M." (6.38) 

Pi 

Let us fix Aj and M/3- as above and compare LG{G, \I') with LG{G\m, ^Ia/) on Aj. Take 
a point p G Aj and set x = iiMip) ^ where tim'- T*M — > M is the projection. Let 
ip: M — > R be a real analytic function (defined in an open neighborhood of x) which 
satisfies that p = {x;dip{x)) G Aj, ip{x) = and the Hessian Hess(<y9|M^.) is positive 
definite. Then by Corollary 15.51 we have 

LCiG\M, ^Im) = ■ [Tl,^ M] (6.39) 
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in an open neighborhood of Aj in T*M, where mj G C is defined by 

:= J2i-^y^^{Hl>o}^B{x, 6); G\m) ^ ^;^>o}(5(x, 6); G\m)} (6.40) 

j€Z 

for sufficiently small 6 > 0. Set U := B{x, 6) and V := U (1 {lp < 0} in M. Then we have 

= tT{Rru{G\M), RrumM)) - tT{Rrv{G\M), nrvi^lM)). (6.41) 

Set also U := n^^^U), V := n^^CV) C Q and := y9 o tt: ^ — > M. Since G is conic in an 
open neighborhood of the zero-section M C ^, we have 

Rr^{G)\M^Rru{G\M), (6.42) 

RryiG)\M ^ RFviGlM). (6.43) 

Now let us set 

:= {(x; dip{x)) \ x E M} C T*M, (6.44) 

A^:={{g;d;f{g)) \geg}cT*g. (6.45) 

Then by Theorem 13.41 it follows from our assumption fl6.3ip for x G supp(G') fl M that 

tr{Rru{G\M), RFui^lM)) = tr(i?r^(G), RR^W), (6.46) 
triRFviGlM), Rrvi^Ui)) = tr(i?r^(G), RRyi^)). (6.47) 

Applying Theorem 15. II to the pair (RFfj^G), RFfjl'i/)), we obtain 

tT{Rru{G\M), Rru^M)) = KK] n LC{Rr^{G), Rr^m). (6.48) 

Now by the condition (i) and the definition of A we have 

supp{LC{Rr^{G),Rr^{'^))) c ss(i?r^(G))n Jo (6.49) 

c {ss(G)u (55(G) +r;~e?)}nj^o (6.50) 

C A U (A + TgVM) =: A'. (6.51) 

Since A' is isotropic, by the microfocal Bertini-Sard theorem ([131 Proposition 8.3.12]) for 
< a ^ 1 we have 

A'n A^n7rA-/({0 < |v?| < a}) = 0. (6.52) 

By the proof of [121 Theorem 9.5.6] (use [131 (9.5.12) and (9.5.13)]) and the estimate 
f l6.49p - fl6.5ip and 06.520 . shrinking U = B{x, 6) if necessary, we may assume from the first 
that 

A^ n supp(LG(i?r^(G), RR^m) C 7r^/({^ < -^o}) U {p} (6.53) 
for sufficiently small Eq > 0. Hence from f l6.48p we deduce 

tTiRru{G\M),Rru{^\M)) 

= H^IiiW < -^o}) n K] n LG(i?r^(G), RR^m} + [a^] ■ LG(G, ^H), (6.54) 

where [a^] ■ LC{G, \1') is the local intersection number of [a^] and LC{G, \1') at p G Aj. 

p 

The other term tr(i?/^y(G|A/), -R-rv'(^lAf)) = tr(i?i^^(G), -R-ry(\E')) can be calculated as 
follows. For e>0, set Ve := V n {f < -e} and Ve ■= V n {ip < -e} = TT~^{Ve). 
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Lemma 6.3 For sufficiently small e > 0, we have 

triRryiG), RFym = tr(i?r^(G), i?r^(vl/)). (6.55) 

Proof. Set S := SS^RFfj^G)) C T*Q. Then by the microlocal Bertini-Sard theorem ([131 
Proposition 8.3.12]) there exists e > such that 

S n A^n7r-i({-£ < ^< 0}) = 0. (6.56) 

Hence by [T^ Corollary 5.4.19], we obtain 

RFi{^ < 0}; RFfjiG)) ^ RF{{^ < -e}; RFfj{G)). (6.57) 

□ 

Let us continue the proof of Proposition 16.21 By Lemma 16.31 and Theorem 15.11 we 
obtain 

tT{RFviG\M), RFvi^lAi)) = tl(K] n LCiRFy^iG), RFy-{^))) (6.58) 

for sufficiently small e > 0. Moreover it follows from the condition (i) and the definition 
of A that 

snppiLCiRFy^{G),RFy^{^))) c SS(i?r{^<_,}(/?r^(G))) n (6.59) 

C A' + R<oA^. (6.60) 

Comparing this last estimate with fl6.52p . we obtain 

A^ n snpp{LC{RFy.iG),RFy^{m C n],XW < "^o}) (6.61) 
for < e <^ Eq. Since 

LC{RFy^iG), RFyr{^)) = LGiRF^iG), RFf^m (6.62) 
on 7r^/({(y9 < — ^o})) from fl6.58p we obtain 

tT{RFv{G\M),RFvmM)) = ({V^ < -^o}) n [a^]nLG{RFfj{G),RFfjm}. (6.63) 
Putting IK^ and (K^ into IK^ . we finally obtain 

= [aj ■LC(G,^), (6.64) 

p 

which shows 

LC{G,^) = LC{G\m,'^\m) (6.65) 

on Aj. This completes the proof. □ 

Combining Proposition 16.11 and 16.21 with Theorem 15.81 we can obtain explicit de- 
scriptions of the Lefschetz cycle LC(F, $) as follows. Let ip{F\m,^\m) be a C-valued 
constructible function on M defined by 

^{F\m, $|m)(x) = J2{-iyti{H'{F), "-^ H^{F),} (6.66) 

for X G M. 
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Theorem 6.4 Let xq G M be a point of M such that 

Ev^o n M>i = 0. (6.67) 

Then we have 

LCiF, $) = LCiF\M, $U/) = CCiifiFlM, $U/)) (6.68) 
in an open neighborhood o/7r^^(xo) in T*M. 

In the complex case, we have the foUowing stronger resuh. 

Theorem 6.5 In the situation as above, assume moreover that X and 0: X — > X are 
complex analytic and F G Y)\{X) i.e. F is C-constructible. Then we have 

LC{F, $) = LC{F\m, $ U/) = CC{ip{F\M, ^\m)) (6.69) 

globally on T*M. 



Proof. By Proposition 16.11 we have only to prove 

LC{um{F), $') = LC{F\m, $|Af). (6.70) 

Since these cycles are considered as sections of the sheaf of of Lagrangian cycles on 
T*M, it suffices to prove fl6.70p locally. Namely, for each xq G M we have only to prove 
f l6.70p in an open neighborhood of '7r^/(xo) in JF ~ T*M. This local statement can be 
proved along the same line as the proof of Proposition 16. 2[ Since vm^F) admits the action 
of in the complex case, we may use the arguments in the proof of [TSf Corollary 9.6.16] 
for this purpose. This completes the proof. □ 



By Theorem 16.51 above, we can drop the assumption of the smoothness of M or 
supp(-F) n M in Theorem 13.51 (we can also drop the assumption (iii) of Corollary 13.71) . 
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F2 — > -F3 — > +1 a distinguished 



Corollary 6.6 Let X , (p and M be as above and Fi — > r2 — > 
triangle in D^_^(X). Assume that we are given a morphism of distinguished triangles 



'F, 



-1 : 



2 
$2 



F3 

$3 



m 



^Fo 



^F. 



F, 

in D^_^(X). Then for any xq E M such that Ev^^ fl ]R>i = 0, we have 

LC{F2, $2) = LC{F,, $1) + LC(F3, $3) 
in an open neighborhood of -K^^iyXo) in T*M. 



(6.71) 



(6.72) 
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7 Another construction of Lefschetz cycles 



In this section, we shall introduce another construction of Lefschetz cycles which slightly 
differs from the previous one. Moreover we prove that the difference is expressed by the 
sign ±1 of the determinant of id — 0^ : (TmX)^ — > (TmX)^ for x G M. Since (except 
Proposition 17.11 below) the results in this section will be used only in the proof of our 
inverse image theorem in Section [HI the readers who do not require the inverse image 
theorem can skip this section. 

7.1 New construction of Lefschetz cycles 

In this subsection, we inherit the situation and notations in previous sections and consider 
the problem in an open neighborhood f/ of a smooth point of M for which the condition 



1 ^ Ev^ for any x e M nU 



{7.1] 



is satisfied. Then we can construct locally the Lefschetz bundle over M. Before 
introducing another construction of Lefschetz cycles, first let us study the structure of the 
object 

G := z/Ax(^*^x)|mxxTX e D^_,(M TX). (7.2) 

Let g : ' — > X x X be the inclusion map of the graph of (p. Then we obtain an injective 
map 

g' : TmX ~ TmT^ ^ Ta^ (X x X) ~ TX (7.3) 

induced by g. Recall that in Section H] we defined a subbundle S G M Xx TX to be the 
image of this map. Let is : £ ' — > M Xx TX be the inclusion map. 



Proposition 7.1 In the situation as above, we have an isomorphism 

G ~ {ie)*i^s- 



(7.4) 



Proof. Consider the following standard commutative diagram for the normal deformation 
(T^i of along M ~ Am C T^: 




(7.5) 



where t2: (X^)m 
sian diagrams 



is the deformation parameter. Then we have the following Carte- 



Tm'^cP'- 



S2 



Ta^(X X XY 



□ 



so 



^(r^)M^ 

9' 

{X X X)a, 



J2 



P2 



□ 

jo 



(7.6) 



g □ 

po 



^XxX 
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induced hy g: ■= — > X x X. From this we obtain an isomorphism 

(^')*z/Af(a;rJ ^ UAx{9*^r^) ^ J^Axih*^x)- (7.7) 

Since we have i'M{(^r^) — ^TmT^ and TmT^ is identified with £ by g', the result follows. 
□ 

From now on, we shall introduce another construction of Lefschetz cycles. Let l : TM ' — 



M Xx TX be the natural injection and p: M Xx T*X — » T*M ~ its dual. Let 
io : M " — > TM be the zero-section embedding. Then we have an isomorphism 

i?p,(G^) - (^'Cmx^tx I r'G)'' (7.8) 

in D^_^(T*M) by [131 Proposition 3.7.14], where ( ■ )^ stands for the Fourier-Sato trans- 
form. Note that we have ^ /^Ax(^*^x)|mxxT*x and p is proper on supp(G'^) = JF. 
The structure of the right hand side of the isomorphism fl7.8p is given by the next lemma. 

Lemma 7.2 We have a natural isomorphism 

{i-CMx^TX ® r^G)'' ^ TT^/CUA/. (7.9) 

Proof. Since 6~^(supp(G')) = l^^{S) is the zero-section M of TM, we have 

r^G ~ io*(G'|A/) ~ io*{ih^uJx)\AM} - ^o*(^^x|m), (7.10) 

where M ~ Aa/ is identified with the zero-section of M XxTX ^ Am T/^^{X x X). 
Hence we obtain 

^'CmxxTX ® i G ~ io^ujM/x ® ^^x\m) ^ io*ujM (7.11) 
and ^ 

('-'CmxxTX ® r^G)^ ~ («0*^^Af)^ ^ TT^fW. (7.12) 

□ 

By Lemma 17.21 we have a chain of morphisms 

RRomcx{F,F) ~ RrssiF){T*X; p^^{F ^ DF)) (7.13) 

i?rss(F)(r*X;/iA^(/i,cux)) (7.14) 
^ i?rss(F)n^(MxxT*X;G'^) (7.15) 

- i?rss(F)n^(T*M;i?p!(G'^)) (7.16) 

- i?rss(F)n^(T*M;7r^/cuA,), (7.17) 

where for the construction of the second (resp. last) morphism we used the morphisms 
f l4.6p - fl4.lip in the construction of LC(F, $) of Section H] (resp. Lemma 17.21 and the 
isomorphism (17. Sp ). By taking the 0-th cohomology groups of both sides, we obtain a 
morphism 

HomD.(x)(i^, F) — i/s°s(F)n^(^*^; ^m^m)- (7.18) 



Definition 7.3 We denote by LG{F, $) the image of id^ € HomD6(x)(-F, F) in 
^ss(F)n^(^*^; ^Af) by the morphism (EH]). 
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7.2 Relations between LC(F, and LC(F, 

In this subsection, we shall compare LC{F, $) with LC{F, $). For this purpose, we first 
consider the isomorphism 

i?p,(G^) ^ (i'G)^ (7.19) 

obtained by [131 Proposition 3.7.14]. The right hand side is calculated as follows. Since 
we have 



lG - zo,iRrMiG)\M) 



we obtain an isomorphism 
By using the isomorphism 



(7.20) 
(7.21) 
(7.22) 
(7.23) 

(7.24) 

(7.25) 



thus obtained to change the construction of the morphism from (17.161) to fl7.17p . we obtain 
also a morphism 

HomD.(x)(i^, F) Hls^p^^^iT*M;n^,'ujM). (7.26) 

Then the image of idi? by this morphism is LC{F, $). Since supp(G') = S G M Xx TX 
and L : TM ^ — > M Xx TX is non-characteristic for G, we obtain an isomorphism 

7: L-CmxxTX ® G 



L-G 



(7.27) 



by [T3l Proposition 5.4.13]. Note that we have the following commutative diagram. 



i?p,(G^ 
Rp,{G' 



(7.28) 
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-^(i'G)^. 



Recall that for the constructions of LC{F, $) and LG{F, $) we used the isomorphisms 

a: l-CmxxTX® G — > iq^ujm, (7.29) 
j3: l G — ^ io*ojM (7.30) 
obtained in (17.111) and f l7.20p - fl7.23p respectively. However the diagram 

L 



1^''CmxxTX ® G 




(7.31) 



is not commutative in general. Hence our new Lefschetz cycle LC{F, $) may be different 
from the original one LC{F, $). In order to describe the difference, from now on we shall 
assume that M is connected. Then the following definition makes sense. 
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Definition 7.4 Define a number sgn(id — 0') G {±1} to be the sign of tlie determinant 
of 

id - 0^ : (TmX), (TmX),, (7.32) 

where x is a point in M . 

Proposition 7.5 The following diagram is commutative. 

rCAf x^Tx S i-^G ' ^o*^M (7.33) 

; 7 i sgn(id-(/)')x 

l G > i0*^M- 

For the proof of Proposition 17.51 we need some refined arguments on orientation 
sheaves. For this purpose, we first prepare two key lemmas (Lemma 17.61 and 17.71 below) 
concerning orientation sheaves. Now let Y be an n-dimensional real analytic manifold 
and N G Y a submanifold of codimension d. Then we have the canonical isomorphism 

orN^ni,iory)\N (7.34) 

for orientation sheaves. Let us describe this isomorphism more explicitly in terms of 
differential forms with hyperfunction coefficients. 

First recall that for an open subset U G N there exists an isomorphism 

or;v(f/)^[//r"(f/;C;v)]*. (7.35) 

Therefore to an orientation of we can associate a section l^-^ € or]\j{U) which 
corresponds to the linear map 

r (7-36) 
[uj] I — > I l-u 

where a; is a C°°-differential {n — d)-ioim. with compact support on U and / stands 

for the integration over U with respect to the orientation ctat. 

On the other hand, a section of the sheaf 'H%{orY)\N over U G N can be explicitly 
expressed as follows. Let By be the sheaf of differential i-forms on Y with hyperfunction 
coefficients. Then we have a flabby resolution of ory: 

— ^ ory — > or-Y 0c -B?^ — > ory 0c B^y^ — > ory 0c -B?^ — ^ ■ ■ • • (7.37) 

d d d 

By taking an open subset UinY such that U Ci N = U, we obtain an isomorphism 
n%{arY)\N{U) 

~ H''[0 {ory 0c rNBP){U) . (ory 0c rNB^y~^){U) ■ • •].(7.38) 

d d 

In this way, a section of 'Hff{orY)\N over U can be represented by an element of (ory 0c 
rNBf ){U). Nowlety = (i/i,--- , Un) be a local coordinate system of Y such that = 
{yi = ■ ■ ■ = Z/d = 0}. Set y' = {yi, ■ ■ ■ ,yd) and denote by S{y') G FnBy^ Dirac's delta 
function on Y supported by A^. Then we have the following. 
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Lemma 7.6 By the isomorphism orj^{U) ~ 'H%{orY)\N{U) , the section l^-jv ^ orj^{U) 
corresponds to [u] G H%{orY)\N{U) , where uo G (ory ®£ rNBY^){U) is defined by 

® 6{y')dyi A ■ ■ ■ A dy^. (7.39) 

The proof of this lemma follows from the definition of orientation sheaves (the proof 
of the Poincare-Verdier duality theorem). Since it seems that this lemma is well-known 
to specialists, we omit the proof here. Similarly we have 

Lemma 7.7 By the isomorphism otn/yIU) ~ T-1%{Cy)\n{U) , the section 

® (IdyiA-Adi/dAaiv)®""^ e orN/Y{U) corrcsponds to [ujq] G H'^{Cy)\n{U) , where ujq G 
rp4BY\u) is defined by 

uo = 5{y')dyi A ■ • ■ A dya- (7.40) 

Proof of Proposition 17.51 

Let X = (xi, ■ ■ ■ , Xn) be a local coordinate system of X such that M = {xi = ■ ■ ■ = 
Xd = 0} and {x;C.) the associated coordinate system of TX. Set 
x" = {xd+1, ■ ■ ■ , Xn) and x = (x', x"). 

By identifying {orTM/MxxTx\M) with orM/x as usual and using the isomorphism 
GlA/f— "^1 — ovxIm, we see that the isomorphism a induces isomorphisms 

Ti-XMi^MxxTx)\M ®c iorx\A4) — (ottm/mxxTxIm) ®c (orxUf) (7.41) 

^ otm/x ®c{orx\M) (7.42) 
^ orM (7.43) 

on M. Via these isomorphisms, the section uq = Idx" = '^dxd+iA---Adxn £ otm corresponds 
to the one 

ui = [6iOd^i A ■ ■ ■ A d^ ® ldx,A-Adx„ (7.44) 

of T-lTMi^MxxTx)\M ®c {orxlu) by Lemma EZl Now let us set L = dimX] ~ or£. 

Then L is a locally constant sheaf of rank one on S (Z M Xx TX whose restriction to the 
zero-section M d £ satisfies L\m — otxIm- Moreover by the flabby resolution 

— >L — yL(»cBf — >L®c — > L ®c — (7.45) 

d d d 

of L, we obtain an isomorphism 
'^m(-^)|m 

- H'^IO — . (L ®c rMBf%j — ^{L(^c rMBf)\M ^ ■ ■ ■]. (7.46) 

d d 

Therefore, a section of Hf,j{L)\M is represented by that of 

(L ®c rMBf)\M ^ {L\m) ®c (FMBflM) ^ {orxWi) ®c (A/Sf |m)- (7-47) 

Let (^', x") be the coordinate system of S induced by that of M TX. Then the image 
of the section mi by the isomorphism 

nUiiCM^^Tx)\M ®c {otxIm) ni{L)\M (7.48) 
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induced by 7 is represented by 

® 6{C')dii A ■ ■ ■ A did e {L\m) 



(7.49) 



Here ldxiA---Adx„ is considered as a section of L\m by the isomorphism L\m — otxIm- 
Let us set 

U2 = [ldx,A-Adx^ ® SiOd^, A • • • A dCd] enUL)\M. (7.50) 



Then it remains to show that the section U2 is sent to 

sgn(id - (f)') ■ Idx" = sgn(id - (f)') ■ uq e otm 



(7.51) 



by 13. In order to look at the isomorphism (3 more precisely, consider the standard com- 
mutative diagram 




(7.52) 



where {X x X)Ajf is the normal deformation olX xX along Ax and to: [X x X)/\-^ — > 
M is the deformation parameter. Also, let Q, be an open subset of {X x X)/^^ defined by 
to :^_0^nd po : Q — » X x X the restrictioii^^po to Q. Then the closure of po~^Ax in 
{X X X)aj(- is a closed submanifold of (X x X)^^, which we shall denote by Ax. Note 
that the isomorphism (/?|m)~^ is the restriction of 



i^Ax{h*{RrM{i^x))) 



~ so~^Rr^{Rjo*Po~^Kujx) 

Rr^^{v/^^{Kujx)) 



(7.53) 
(7.54) 
(7.55) 

(7.56) 



to M ~ Am C Ax (Ax is the zero-section of T/^^{X x X)). Now let us consider 

also the following commutative diagram for the normal deformation (r<^)M of along 
M ~ Am C r^: 




^^r = {t2 > 0} 



(7.57) 



where (r^)Af — > M is the deformation parameter. Set Q-p := {^2 7^ 0} C (r,^)^ and 
P2 := P2\^- Then we obtain a closed submanifold M by taking the closure oi p2~^ (M) in 

(r(/>)M- Since there exists an isomorphism 



(7.58) 



35 



(see ( 17.31) and the Proof of Proposition 17. ip . the isomorphism (/3|m) ^ is the restriction of 

UM{RrM{uJr,)) ~ S2'R32*P2~'RrM{uJr,) (7.59) 

~ s^'Rrji^{Rj2.P2-'uJr,) (7.60) 

^ RRMiiyMiuJr,)) (7.61) 

to the zero-section M of TmT^. Note that here we are identifying TmT^ with its image £ C 
MxxTX by g' : TmT^ ^ — > T^^{XxX) ~ TX. Now let us set L' := z/A,/(turJ[-dimX] ~ 
o^TmT^- Then L' is a locally constant sheaf of rank one on Tm^,!,, and via the identification 
TmT^ ~ £^ we have an isomorphism L' ~ L. Note also that we have L'\m — L\m — otxIm 
by identifying with X. As a consequence, from fl7.59l) - fl7.61l) we obtain isomorphisms 

OTM Ki{orr,)\M (7.62) 

nUL')\M (7.63) 

^m(^)|m (7.64) 

induced by (/3|Af)~^- Identify with X as usual and use the local coordinates x = {x', x") 
also for F<^ so that we have M ~ Aa/ = {x' = 0} in F^. Let {rj']x") be the associated 
local coordinates of TmT^. Then by the local coordinate system {r]'; x") (resp. (^'; x") ) 
of T/v/F^ (resp. £) the isomorphism T/v/F^ ~ £^ is given by 



[i: x") ^ id 



(V);x" , (7.65) 



where we set 0(x) = (0i(x), 02(a^)), ^ I^*^; 02(a^) £ M""'^ in the local coordinate 

system x = {x', x") of X. In particular, via the isomorphism T^T^ ^ £^ the differential 
form 5{rj')drji/\- ■ -Adrja on TmT^ corresponds to the one sgn(id— 0')-5(^')(i^iA- ■ -Ad^d on £. 
From now on, we shall determine the image of Uq = Idx" £ otm by {I3\m)~^ = R o Q o P 
in H'lf{L)\M and compare it with the previous one U2 G H'1^{L)\m- First, by Lemma 
Bl via the isomorphism P the section uq G otm corresponds to the one of Ti-f^^orr^lM 



represented by 

l<ixiA-Adx„ ® 6{x')dxi A--- Adxd G (orr^ |m) ®c (Az-Sf^j |m) (7.66) 

^ (orx|Af)®c(A/Si^V/)- (7.67) 
It is also easy to see that via the isomorphism Q this section is sent to the one of 7i^^(L') | a/ 
represented by 

® S{r]')dr]i A ■ ■ • A rfr/d G {L'\m) ®c (rAfS?2rjAf)- (7-68) 



M- 



Here we used the isomorphism L'\m — otxIm to regard ldxiA---Adxn as a section of L'\ 
Finally by the isomorphism R, this last section is sent to the one of H'1^{L)\m represented 
by 

sgn(id - 0') ■ Idx.A-Adxr, ® SiOd^i A ■ ■ ■ A rf^d G {L\m) ®m (rA/Sf Ia/ ), (7.69) 

where we used L\m ^ otxIm- The section of TC'1^{L)\m thus obtained differs from U2 by 
sgn(id — 0') as expected. This completes the proof. □ 

To conclude, we obtained the following result. 
Proposition 7.8 In the situation as above, we have 



LC{F, $) = sgn(id - (f)') ■ LC{F, $). (7.70) 
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8 Functorial properties of Lefschetz cycles 



In this section, we study functorial properties of our Lefschetz cycles. We obtain direct and 
inverse image theorems for Lefschetz cycles, which extend naturally those for Kashiwara's 
characteristic cycles proved in [T3^, Chapter IX]. 

8.1 Direct image theorem 

Let / : Y — > X be a morphism of real analytic manifolds. Assume that we are given two 
morphisms (f)x '■ X — > X and (py '■ Y — > Y such that the diagram 

(8.1) 




commutes. Consider also an object G of D^_^(y) such that / is proper on supp(G') and 
a morphism 

^y-(I)y^G — >G (8.2) 
in D^_^(y). Then Rf^G G D^_^(X) and we obtain a natural morphism 

<^x. (l)x'Rf*G ^ Rf,G (8.3) 

induced by $y. Our aim in this subsection is to compare the Lefschetz cycle of [G, $y) 
with that of {Rf^G,^x)- Let M be a smooth fixed point component of (px such that 
/(supp(G')) n M is compact. Also let {Ni}i^j be the set of all fixed point components 
Ni of 0y such that Ni C f~^{M) and suppjc) n A^i 7^ 0. Note that / is a finite set by 
our assumptions. Set A^ := Ujg/A^i and assume that A^ is smooth. We also assume that 
T^^ C X X X (resp. T^^ C Y x Y) intersects with Ax in X x X (resp. Ay in Y x Y) 
cleanly along M (resp. N) as in previous sections. For the sake of simplicity, denote 
M xx {T*^^{X X X)nTlJ{X X X)} ~ T*M, N Xy {T*^^{Y xY)nTl^{Y xY)} ~ T*N 
simply by !F, Q respectively. Then we obtain two Lefschetz bundles 

T C T*^^{X xX)n njX X X), (8.4) 
gcT*^^{YxY)nTl^{YxY) (8.5) 

and the Lefschetz cycles 

LGiG, <I>y)^ G Hls^a)ngiS; n],'^^), (8.6) 
LG{Rf,G, $x)Af e i^s°s(ii/.G)n^(-^; ^m^m) (8.7) 
in them. Note that by setting := Aj x jy ^ we have the direct sum decompositions 



LG{G, <I>y)Ar = J2^C{G, <I>y 



where LG{G, <^y)n, e ^^ss(G)ns,(^*! -^nI^n,)- Now let us set g = fl^: N = \J^^J Ni — > M 
and consider the natural morphisms 



T*N ^ N XmT*M ^T*M (8.9) 
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induced by g. Take a closed conic subanalytic Lagrangian subset A = [Jjgj Aj of T*N = 
Uiei'^*^i such that SS(G') H ^ C A and is proper on *^'"^(A). Set A' = *^'"^(A) and 
A" = (7,r(A'). Then there exists a morphism 



of Lagrangian cycles induced by g (see [iHl Proposition 9.3.2 (i)]). 
Note that by the commutativity of the diagram 



(8.10) 



Y 



(8.11) 



N- 



9 V 



we have a commutative diagram 



PO 



1 1 

N XmT*M- 



where po is the restriction of the natural morphism */' : Y XxT*X — 
Y XxT*X. 

Theorem 8.1 In the situation as above, we have 

LCiRf^G, <I>x)m = 9.{LC{G, <l>y)^) 
in T*M. More precisely, for the morphism 

(g,), : HliT*N,; vr^^^cu^J — . H%,{T*M- tt^/o^m) 
of Lagrangian cycles induced by gi = f\jq.: Ni — > M we have 

LC{Rf,G, $x)a/ = J2igMLCiG, <1>y)n,). 



(8.12) 



T*Y to NxmJ^ C 



(8.13) 
(8.14) 
(8.15) 



Proof. The proof is similar to that of [T^l Proposition 9.4.2]. Let S: Y " — > X x F be a 
morphism defined by y i — > {f{y),y). Then the image of S is the graph A := T j G X x Y 
of /. Let 6x '■ X " — > X X X and Sy '. Y " — > Y xY he the diagonal embeddings of X and 
Y respectively. Then we obtain a commutative diagram 



Y X F-^X X Y ) X X X 



(8.16) 



5y 



idv 



Y 



□ 
/ 



where we set /i := / x idy and /2 := idx x /. We also need the commutative diagram 

(8.17) 



Y X F-^X X Y ) X X X 



Y 



id> 



Y 



f 



>X, 
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where the morphisms hx, hy and h are defined by x \ — >■ {(j)x{x),x), y i — > (0y (y), and 
y I — ^ o f)iy),y) = ((/ o Miy),y) respectively. Set T := h{Y) C X xY. Since the 
morphism / is decomposed as 

^XxF (8.1^ 




and there exists a commutative diagram 

^ X X y > X (8.19) 



<5 



<f>X^(l>Y 



"-^X xY^ >X, 

we may reduce the problem to the case of closed embeddings and that of smooth maps. 

First, let us consider the case where /: Y — > X is smooth and proper on supp(G). 
Then we have the following lemma whose proof is similar to that of Lemma 14.51 (use also 
the proof of Proposition 17. ip . 

Lemma 8.2 Assume that f is smooth. Then 

(i) By identifying A with Y , we have 

TnA^f-\M). (8.20) 

(ii) By identifying T^{X x Y) with Y Xx T*X, we have 

Tr*(X xY)nT^{X xY) ^ f-\M) Xm T. (8.21) 

(iii) The support of fiA{h*ujY) is f^^{M) x^j G Y Xx T*X and there exists an iso- 
morphism 

/iA(/i*c^y)|/-i(M)xM.^ - T^o^^f-HM), (8.22) 
where ttq: f~\M) Xm T ~ f'^[M) Xm T*M — > f~\M) is the projection. 

Now consider also the natural morphisms 

T*Y ^Y XxT*X ^T*X (8.23) 

induced by /. For short, let us set S = SS(G'), S' = 'f'\S) and S" = f^{S'). Then by 
Lemma 18.21 and the morphisms of functors 



'/l' 'o/XA^ ^/iAoi?/i!, (8.24) 
Rf27T\ o /iA — ^ ° Rf2\ (8.25) 



obtained by [121 Proposition 4.3.4] we obtain the commutative diagram Diagram 8. a (we 
omit the symbols R of right derived functors etc. to simplify the notation). Here the 
middle vertical arrows are induced by 

K{f-^f,G ® DG) — > K{G ® DG) — ^ Kuy. (8.26) 
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Hom(G', G) 



RrAyiY X Y;GMBG) 



Rrs{T*Y;fiAAG^^G)) 



RrsiT,Y;nAyihY*i(t>Y^G®-DG))) 
RFsinY- fiArihY^G » DG))) 



RrsiT,Y;fiAY{hY*u;Y)) 



> RFAiX X Y; f^G M DG) 

-^RFs'iY XxT*X;fiA{UGmBG)) 



^Hom(/,G,/,G) 

RFax {XxX-J^GM D/^G) 



-4 Rrs»{T*X- /XAx if*G K D/,G)) 



i?r5'(i^ xx T*X; MA(/i*(/-Vx /*G ® DG))) > Rrs"{T*X; /xax(^x*(</'x /*G D/,G))) 



RFs'iY XX T*X;fiA{K{f-'f,G ® DG))) > Rrs"{T*X; i^A^ihx.if.G ® D/,G))) 



-4i?r5,(y XxT*X-HAiKujY)) 



^Rrs"{T*X;fiAxihx*uJx)) 



Rrsng{T,N;Tr],^cjN) ^ i2r5,n(/-i(M)xM^)(/~' W Xm T*M;TrQ^u;f-i(^M)) > Rrs"nAT*M-n]^^UM). 



Consider the commutative diagram 



g ~ T*N^ 



f-\M) xuT 



(8.27) 




□ 



where tt: N Xm ^ — »■ (resp. k: N Xm ' — > / ^{M) x m J^) is the projection (resp. 
the inclusion map). Then the morphism A is decomposed as follows. 



(8.28) 



Rrs>nir^{M)xM^)if \M) Xm J^]Tro^ujf-i(^M))- (8.29) 



Moreover we can easily show that the morphism B is induced by the topological integra- 
tion morphism 



: Rq\q'uJM ~ Rq\uj 



(8.30) 



for q: f ^(M) — > M. Therefore the composite of A and B is factorized as follows 

i?r5ng(^;vr^W) ^ i^^,„,-l,«n^^(A^ x m J^] ti-'ujn) (8.31] 



BoA 



This implies that the morphism B o A is the push- forward of Lagrangian cycles (18.101) . 

Next, consider the case where /: Y — > X is a closed embedding. Then similarly we 
have the following. 

Lemma 8.3 Assume that f is a closed embedding. Then 

(i) By identifying A with Y , we have 

TnA^f'\M) = N. (8.32) 

(ii) By identifying T^{X x Y) with Y Xx T*X, we have 

T^{X xY)nT^{X xY) ^'f'^g (8.33) 

and'f'-'gD f-'J'-NxMJ'. 

(iii) The support of ^i\{h^,uoY) is */' ^g dY Xx T*X and there exists an isomorphism 

HA{h*UJY)\tf,-ig ~ tt^^ujn, (8.34) 
where tti : ^f'~^g — ^f'~^T*N — > N is the projection. 
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Now, by Lemma 18.31 we obtain a new commutative diagram by replacing the bottom 
horizontal arrows in Diagram 8. a by 

RrsngiT*N;7T],'ujM) Rrs,ntj,-.gCr'g;n^'uj^) (8.35) 

^ Rrs>'nAT*M;7Tl^UM). (8.36) 

Here the morphism C is induced by id — > f * o */' ^ ■ Moreover the morphism D is 
decomposed as 

^^5'n*/'-^e(*/'"'^;^r'^^) ^ Rrs>n[N>,Mr){N XmT*M-t,-^ujn) (8.37) 

^ Rrs»nAT*M-T^llujM), (8.38) 

where the morphism a (resp. j3) is induced by the restriction to Xj\,/ T*M C */' 
(resp. by the natural morphism J^: g^:UJN — RRnojm — ^ ^m)- Hence the composite of C 
and D is factorized as in the diagram fl8.3ip . This completes the proof. □ 

Since via the characteristic cycle maps CC (see Proposition 12. 101) the push-forward 
of Lagrangian cycles corresponds to the topological integral 

I : CF(iV)c CF(M)c (8.39) 

of constructible functions, by Theorem 15.11 we obtain the following result. 

Corollary 8.4 (see also [T7j^ For the local contributions c{G, $y)iv- and c{Rf^G, ^x)m, 
we have 

c{RUG,^x)m = 5^c(G,$y)iv,. (8.40) 
8.2 Inverse image theorem 

In this subsection, we establish the inverse image theorem for Lefschetz cycles. We mainly 
inherit the notations and the situation treated in Section [HTTl However, here M and are 
smooth fixed point components of (j)x and 0y respectively satisfying just the condition 
f{N) C M . Consider an object F of D^_^(X) and a morphism 

^x-<Px^F^F (8.41) 

in D^_^(X). Then f~^F G Y)\_^{Y) and we obtain a natural morphism 

<l>y: (Py'f-'F^f-'F (8.42) 

induced by $x- Assuming the same conditions on (px, 4'y etc. and keeping the same 
notations for J^, Q etc. as in Section 18.11 we obtain the Lefschetz cycles 

LC(F, ^x)m e i/s°s(F)n^(-^; ^mu;m), (8.43) 
LC{f-'F, <l>y)^ G Hls^j-iF)ngiG; rr^^'u^). (8.44) 



42 



Set g = J In'- N — > M as before and consider the natural morphisms 



T*N ^ N Xm T*M ^ T*M 



145) 



induced by g. Let A C SS(F) d T ^ T*M be the support of LC{F, ^x)m and set 
A' = g~^{A) and A" = ^g'{A'). If ^g' is proper on A' (e.g. if / is non-characteristic for F 
on an open neighborhood of A^), then there exists a morphism 



g*: HI{T*M-'kiIujm) ^ Hl„{T* N-tx'^^uj^) 
of Lagrangian cycles induced by g (see [13[ Proposition 9.3.2 (ii)]). 



.46) 



Theorem 8.5 In the situation as above, assume moreover that f is non- characteristic 
for F on an open neighborhood of N. Then we have 



LCif~'F,<l>Y)N = sgn{id 



sgn(id-0^)-/(LC(F,$ 



X M 



(8.47) 



in T*N, where sgn(id — 0^) = ±1 (resp. sgn(id — 0y) = ±1 ) is the sign of the determinant 
of id - 0^ : TmX — ^ TmX (resp. id - : T^Y — . T^Y). 



Proof. The proof is similar to that of [T3l Proposition 9.4.3]. By Proposition [7Sl it suffices 
to show that 

LCif-^F,^Y)N = g*(LC{F\^xU). (8.48) 

We use almost the same notations as in the proof of Theorem 18.11 except the ones for 5 and 
h etc. In particular, here we define a morphism 5 : Y " — > Y xX hj y i — > {y, f{y)) and set 
A := S{Y) gY X X. Also we define a morphism h: Y — > Y x X hj y i — > (0y(?/), f{y)) 
and set P := h(Y) G Y x X. Then we have the following commutative diagrams. 



Y X Y^^Y X X ) X X X 



149) 



Y 



id> 



□ 
/ 



Sx 
-4X 



Y X Y^^Y X X— X X 



150) 



idy 



Y- 



hx 



Note that h is not always injective. Now by using the natural morphisms 



T*Y ^Y Xx T*X T*X 



(8.51) 



induced by /, set for short S := SS(F), S' := f-\S) and S" := 'f'{S'). Then by the 
morphisms of functors 



flJ o f^Ax ^ /^A o A \ 

R*f2'\ O fJ'A ^ I^Ayi^Y/X ® /s"^), 



(8.52) 

(8.53) 



obtained by [T3l Proposition 4.3.5] we obtain the commutative diagram (similar to jT3l 
Diagram 9.4.6]) Diagram 8.b. Here we omit the symbols R of right derived functors etc. 
to simplify the notation. 
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Hom(F, F) 

I 

RFA^iX X X-FMBF) - 
I 

Rrs{T*X;^iAxiF^BF)) 



RFAiY X X; f-^F K DF) 



-4Hom(/-iF,/-iF) 



RFay {Y X Y; f-^F M Bf-^F) 



-> RFs' {Yxx T*X- fiAif-^F ^ DF)) 



Rrs"{T*Y : fiAyif-^F K Bf-^F)) 



Rrs{T*X; piA^ {hx.{ct>-xF ® BF))) > RFg'iY Xx T*X; fiA{K{4>Y^ f-^F ® f-^BF))) > Rrs^,{T*Y- /xa^ {hY.{(l>Y^ T^F ® Bf-^F))) 

> RFs'iY XX T*X; iiA{K{f-^F ® f-^BF))) > Rrs"{T*Y; fiAyihy^f-^F ® Bf-^F))) 



\x y"^*\i^x 
<I>x 



Rrs{T*X;tiAxihx*{F^BF))) 



Rrs{T*X;nAx{hx*u;x)) 



-^RFs'iY XX T*X-iXA{Kr^ux)) 



RFsnAT^M -,777} com) 



-^Rrs"{T*Y;nAy{hY*u;Y)) 
-^Rrs''ngiT*N;n]^'ujN). 



Let us explain the construction of the bottom square in Diagram 8.b. We consider the 
commutative diagram: 



Y- 



f 



(8.54) 



Let 



0/: Rrs{T*X-^i^^{hx.uJx)) i?rs"(r*F; /iA^(/iy,a;y)) 
be a morphism obtained by 



Rrs(T*X; HAx{hx*uJx)) 



RFs^Y XX T*X; f{J fiAAhx*uJx)) 
RFs^Y XxT*X;fiAifr'hx*iOx)) 
RRsiY XxT*X;fiAiRKr'iUx)) 
Rrs>iT*Y; R'f2\.^iAiRhJ-'uJx)) 
Rrs>iT*Y; fi^A^Y/x ® U'RKf-'ujx)) (8 
Rrs"iT*Y; /iAy(/iy*t^y)), 



^.55) 

156) 
^.57) 
^.58) 
159) 
.60) 
.61) 



where we used [131 Proposition 4.3.5] to construct the second and fifth morphisms. More- 
over we used the assumption that / is non-characteristic for F to construct the forth one. 
The morphism 0/ is the composite of A and B in Diagram 8.b. Let 6g: N — > N x M 
be a morphism defined by y i — > {y,g{y)) and note that hx\M = ^m, ^yIat = and 
h\N = Sg. If we paraphrase the construction of 0/ by using the commutative diagram 



N X N^^N X M^^Mx M 



(8.62) 



5jv 



idjv 



N- 



instead of the one fl8.5Up . we obtain a morphism 

Qg-. RRsnAT* M; ^Am{^m*^m)) — ^ Rrty,g-if^g^jr){T*N; ^aA^n*^^n))- (8.63) 

By the proof of [131 Proposition 9.3.2 (ii) and Proposition 9.4.3], there exists a commu- 
tative diagram 



e 



g-HSnJ^)(^*^! /^Ajv('5Af*^^Af)) 



(8.64) 



RrsnAT*M- nlluM) - 

Since we have ^g'gA{S fl JF) c S" fl Q, by 6^ we obtain also a morphism 

RrsnAT*M; fXAM{5M*(^M)) — ^ Rrs"ng{T*N; haj^{5n*ujn))- 
We still denote it by B^. In the same way, we can construct also morphisms 

Qi^: Rrs{T*X; iJ,Ax{hx*uJx)) — ^ RFgnAT* ^Am{^m*^m)), 
Qi^: Rrs"{T*Y; jj,AY{hY*i^Y)) — ^ Rrs"ng{T*N; ij,a,^{Sn*ujn)), 



(8.65) 



(8.66) 
(8.67) 
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where we used the fact that the support of /iAx(^x*'^x) (resp. /^Ay (/iy*'^y)) is contained 
in T (resp. ^) and Sm' (resp. *Z7v') is proper on S'flJF (resp. S" Now recall that the 
morphism / is the composite of the graph embedding b: Y " — > Y x X and the projection 
px'- 1^ X X — » X. Then we may assume that / is a graph embedding or a projection. 
In both cases, since the constructions of the morphisms 0/, 6^, Gj^^^ and Qi^^ are similar, 
we obtain the following commutative diagram: 



Rrs{T*X;fXAAhx*uJx)) 



Rrsn{T*Y-^i^^{hy,u:Y)) 



.681 



©, 



Rrsnr{T*M-^i^^.^{5M.u:M)) 



The bottom square in Diagram 8.b is obtained in this way. Moreover, by the construction 
of the morphism 9^^^ (resp. 6j^) the image of idp (resp. idj-ii;') by the left vertical arrows 
(resp. the right vertical arrows) in Diagram 8.b is LC(F, $x)m (resp. LC(/^iF, $y)jv). 
Hence the desired formula f l8.48p follows from the commutativity of Diagram 8.b. This 
completes the proof. □ 

As a special case of this theorem, we obtain the following result which drops the 
condition fl6.67p of Theorem 16.41 



Corollary 8.6 In the situation as Theorem \6.4\ instead of assuming the condition fl6.67p . 
assume that the inclusion map im '■ M ' — > X of the fixed point manifold M is non- 
characteristic for F. Then we have 



LCiF, = sgn(id - 0') ■ LC(F|m, $| 



MM 



(8.69) 



in T*M. In particular, z/supp(F)nM is compact, the local contribution c{F, $) m of{F, $) 
from M is expressed by the topological integral of the constructible function (p{F\m,^\m) 
on M: 

c(F,$)m = sgn(id-0')- / AF\m,^m). (8.70) 

J M 



Remark 8.7 Corollary 18.61 is not true if we do not assume that iM'- M 
characteristic for F. See e.g. [I3l Example 9.6.18]. 



X is non- 



References 

[1] M. Abate, F. Bracci and F. Tovena, Index theorems for holomorphic self-maps, Ann. of 
Math. 159 (2004), no. 2, 819-864. 

[2] N. A'Campo, Le nombre de Lefschetz d'une monodromie, Nederl. Akad. Wetensch. Proc. 
Ser. A 76 (1973), 113-118. 

[3] T. Braden, Hyperbolic localization of intersection cohomology. Transform. Groups 8 (2003), 
no.3, 209-216. 



46 



[4] A. Dold, Fixed point index and fixed point theorem for Euclidean neighborhood retracts, 
Topology 4 (1965), 1-8. 

[5] A. Dold, Lectures on algebraic topology. Second edition, Grundlehren der Math. Wiss. 200. 
Springer- Verlag, Berlin-New York, (1980) 

[6] L. Ernstrom, Topological Radon transforms and the local Euler obstruction, Duke Math. 
J. 76 (1994), no.l, 1-21. 

[7] M. Gorcsky and R. MacPherson, Local contribution to the Lefschetz fixed point formula. 
Invent. Math. Ill (1993), no.l, 1-33. 

[8] V. Guillemin, V. Ginzburg and Y. Karshon, Moment maps, cobordisms, and Hamiltonian 
group actions. Mathematical Surveys and Monographs 98, Amer. Math. Soc. Providence, 
(2002) 

[9] S. Guillcrmou, Lefschetz class of elliptic pairs, Duke Math. J. 85 (1996), no.2, 273-314. 

[10] R. Hotta, K. Takcuchi and T. Tanisaki, D-modules, perverse sheaves and representation 

theory, Birkhauscr, (2007) 

[11] M. Kashiwara, Index theorem for constructible sheaves, Asterisque No. 130 (1985), 193-209. 

[12] M. Kashiwara, Character, character cycle, fixed point theorem and group representations. 
Adv. Stud. Pure Math. 14, Academic Press, Boston, (1988), 369-378. 

[13] M. Kashiwara and P. Schapira, Sheaves on manifolds, Grundlehren der Math. Wiss. 292, 
Springer- Verlag, Berlin-Heidelberg-New York, (1990) 

[14] R. MacPherson, Chern classes for singular algebraic varieties, Ann. of Math. 100 (1974), 
no.2, 423-432. 

[15] Y. Matsui and K. Takeuchi, Generalized Pliicker-Teissier-Kleiman formulas for varieties 
with arbitrary dual defect. Proceedings of Australian- Japanese workshop on real and com- 
plex singularities. World Scientific (2007), 248-270. 

[16] Y. Matsui and K. Takeuchi, Microlocal study of topological Radon transforms and real 
projective duality. Adv. in Math. 212 (2007), no.l, 191-224. 

[17] Y. Matsui and K. Takeuchi, Some functorial properties of local contributions to Lefschetz 
numbers, in preparation. 

[18] R.S. Palais, Equivalence of nearby differentiable actions of a compact group. Bull. Amer. 
Math. Soc. 67 (1961), 362-364. 

[19] S. Saito, General fixed point formula for an algebraic surface and the theory of Swan 
representations for two-dimensional local rings, Amer. J. Math. 109 (1987), no.6, 1009- 
1042. 

[20] D. Toledo and Y.L.L. Tong, Duality and intersection theory in complex manifolds II, the 
holomorphic Lefschetz formula, Ann. of Math. 108 (1978), no. 3, 519-538. 

[21] O.Y. Viro, Some integral calculus based on Euler characteristics, Lecture Notes in Math. 
1346, Springer- Verlag, Berlin (1988), 127-138. 



47 



